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Abstract—A challenging research issue in analyzing proba- ses be they deterministic or non-deterministic providelgve
bilistic real-time systems is to model the tasks composinche  pessimistic results, and not all real-time systems cotittcf
system and the resource provided to the system. In this paper this pessimism. For these cases other approaches could

we propose a solution based on a probabilistic component- b d d for thi in thi deal with
based model that abstracts the functional and non-functioal e used and for this reason In this paper we deal wi

requirements of real-time components. The obtained intedces ~ Probabilistic approaches. A probabilistic approach, vedio
encode timing requirements and probability information of the probabilistic choices to be defined, rather than the simple

component in a probabilistic version of the real-time calclus. non-deterministic choices of standard processes.
Besides, it has been derived probabilistic scheduling and Papers related to our work had equally used the words

compositional guarantees to provide real-time analyses of . . . .
probabilistic real-time systems. Finally, a test case illstrates stochastic analysig12], [13], probabilistic analysis[14],

the potentialities of the proposed model and its applicabity in statistical analysig15] and real-time queuing theory16].
a large variety of problems within the probabilistic real-time ~ Since the paper of Diaz et al. [17], the terstochastic
scenario. analysisof real-time systems has been used regularly by
the community regardless of the approach (probabilistic or
|. INTRODUCTION statistical). In order to avoid confusion, in this paper wi# w
The performances of the real-time systems depend on theot use the wordstochasti¢ that is often associated with
correctness of those systems and mostly from the perspectiwnpredicted behavior, but the wopdobabilisticin order to
of time. Nowadays these systems have become more conmndicate that the work is based on the theory of probability.
plex and they are composed by different elements exploiting/loreover byprobabilistic real-time systerwe mean a real-
functional aspects of the system. time system with at least one parameter defined by a random
Recent trends depict real-time systems as componentariable. For these systems, there is the need to extend the
based systems where the applications or dedicated HW/S\&halysis abstractions and the classical analysis methods i
components provide information about the processing seterms of probabilistic bounds, i.e., functions which exgses
mantics that are used to execute the various applicatiorthe service given to a task flow can be modeled in terms
[1]-[3]. Component-based design provides a means foof a probabilistic bound. The stochastic network calculus
decomposing a real-time system into components reducingd8], [19] is a new methodology for performance evaluation
a single complex problem into multiple simpler designof networked systems (backlog and delay analysis) that
problems. A real-time system is then composed througitan account for probabilistic description of the arrivatela
component interfaces that abstract the internal complexitprobabilistic service guarantees. Although, the stoahast
of the components and encode the timing requirements afetwork calculus does not provide information for realdim
real-time components. In particular, hierarchical scliedu analyses.
frameworks [4]-[6] provide a way to compose large and To the best of our knowledge there is no extension of the
complex real-time systems from independent sub-systemsreal-time calculus toward a probabilistic version. Witktiis
Furthermore, abstraction frameworks are applied with thepaper we propose a probabilistic framework that extends the
purpose of analyzing complex real-time systems and theiRTC applicability to probabilistic scenarios.
timing requirements, [7]-[9]. Those frameworks work with  Contribution of the paper. The aim of this paper is to
different methods. Among those techniques we are intatestepropose a schedulability analysis of probabilistic réalet
in the real-time calculus (RTC) [10], which is derived from systems through the development of a model for probabilis-
network calculus [11]. The real-time calculus is a worst-tic real-time calculus. First, we propose probabilisticibds
case analysis framework for real-time systems based oaf the resource provisioning and resource demand to cope
deterministic bounds by which model the system behaviomwith generic probabilistic task models. This allows to defin
The RTC allows event occurrences to be related to the probabilistic interface for the general real-time comgan
passage of quantitative deterministic time: non-deteistim  Second, we translate the schedulability and composability
decisions can be taken throughout bounding curves. conditions for (deterministic) real-time systems into et
The timing analysis of real-time systems has been exterlability and composability conditions for probabilistieal-
sively studied by considering worst-case values. Suchyanal time systems.



Organization of the paper. We present the problem The curvea(t) provides an upper bound to the number of
in Section Il together with the notations associated to theevents that arrive irany time interval of lengtht. In RTC
RTC algebra. Section Ill proposes a component-based viewarrival curves are tuple described by upper and lower bounds
of real-time systems with the definition of composability to the number of events. In this paper we make use only of
for components. Section IV extends the real-time calculughe upper bounds for the event stream as the arrival curve.
notation to the probabilistic case. Constrained probstiiili  Arrival curves substantially generalize traditional taskival
curves are defined to form the probabilistic interface of-rea models such as periodic, periodic with jitter, and sporadic
time components. In Section V we consider the probabilisticEvent-based arrival curves can be converted into workload-
real-time calculus with discrete random variables. Sectilb ~ based arrival curves by scaling with the best-case/wa@sé-c
shows a representative example for applying the probébilis execution demand of the events. In this paper, we make use
real-time interfaces and doing real-time analysis. Fn#iie  of the workload-based interpretation and assume that each
conclusions and the future works are outlined event has a fixed execution demand. More general concepts
for characterization of these units are discussed in [20].

A General Resource ModeProcessing and communi-

cation resources are also represented abstractly. Comgjde

In a compositional real-time scheduling framework, thesystem elements providing resources, aftg) that denotes
main problem is to define a scheduling interface in order tahe amount of workload units the resource makes available
specify the collective real-time requirements of a compne up to a time instant;. A system element providing the

In this work we define an interface for probabilistic real- resource is said to provide the resource with a (deternigjist
time systems. A task is characterized by an offékt  service curved(t), if

a relative deadlineD; and a probability of meeting the

Il. PROBLEM STATEMENT AND REAL-TIME SYSTEM
MODELING

deadlinep;. We denote byC;! the random variable pro- b(t2) — b(t1) > B(ta — 1),V 0 <ty < ta.

viding the possible valuecsv. for worst-case execution UMerhe resource availability is described B{t) which provides

of task r;, C; = P(C Z’kC ) , where a lower bound on the available servicedny time interval
=Cik

, ke{l, ke, } of lengtht. Although in RTC the service curve is described
E . . .
Cix € [C"", O] andkc, € N* is the number of values by ypper and lower bounding curves, in this papers we refer
that the random variablé; has. Moreover, we denote by to service curve as the one lower bounding the resource
7; the random variable providing the possible values for theyroyisioning. The service is expressed in a suitable warklo
task inter-arrival timeZ; = p TTikT- , unit that matches the one of the arrival curve, i.e., the remb
_ (T = ka_) ke{l, - kr,} of cycles for computing resources or bits for communication

whereT; ;€ [T;"", T;"*"] andkr, € N* is the number of  resources. The service curve abstraction allows to moéel th
values that the random variable has. We denote a task possible resource supply functions in a generic form of the
7; by (0;,C;, T;, D;, p;), and it is assumed that all random service.
variables are independent. A system element receives inpute, 3) and provides

In the rest of this section we introduced the basic mOd-outputs as the task executian and the residual servicé'.
eling techniques that will be used for the analysis weFor details about how to derive the outputs from the inputs
are proposing. In the remaining of the paper we extenglease refer to [7], [10].
those modeling in order to cope with probabilistic realdim  The RTC makes use of the convolution and deconvolution
systems. operators of the min-plus and max-plus algebra to compute
the RTC curves. From the min-plus algebra we have:

A. Real-Time Calculus
B @ alt) = supr>o{Bt+ ) —a(N)} and® : B®
We base our proposal on the framework for Modular () = infocrci{B(t) + a(t — A)}. From the max-plus

Performance Analysis with real-time calculus [10], which algebra we haved : SDa(t) = infrso{At + \) — a(M)}
is a compositional framework for system-level performance, 4= . BBa(t) = supo<r<t{B(t) + alt — \)}.

analysis of distributed real-time systems. It analyzes the |, e RTC the real-time element behavior is characterized
flow of task streams through a network of processing ang,, 5 geterministic manner by the tuple, 3, o/, 3'), where

communication resources in order to compute worst-casg 3 are the input ports, andl, 3 the output ports compos-

backlogs, end-to-end delays, etc. ing the interface of a real-time component. Figure 1 shows

_ A General Event Stream ModeConsidering a task, its - gy amples of real-time representations for real-time syste
activations can be described as a flow of event# flow elements.

is said to have a (deterministic) arrival curu¢t) if
B. Real-Time Schedulability

The RTC applies the bounds in order to guarantee the
LIn this paper we utilise calligraphic letters to denote @ndvariables  timing requirements of the taska. that upper bounds the

a(tg) - a(tl) S a(tg — tl),v 0 S tl S tg.



event stream and lower bound the service provisioning are  For example, in case of a scheduling componenhich
sufficient to guarantee schedulability of the system. schedules an applicatidny, it assumes minimum amount

To verify the schedulability of a system under a fixed of resource in order to work properly. A resource provi-
priority (FP) policy, the workload curve is used [21]. A task sioning componentj guaranteesa minimum amount of
setI" is schedulable with a resource provisionifig) if resource. The assume-guarantee interface defines thedound

) for the computational resource, whitkeis the exact resource
Vi 3to such thatvi(to) < B(to), @ amount thag receives and that provides.

In this caset, is searched among a reduced sétedP; of The composability criteria [27] compares the assumed
intervals and the schedulability can be checked as in [22]and the guaranteed bounds saying that two components are
The leveli workload w; is defined as the-th task arrival composable if the assumed resource by the first component
curve and the interference from its higher priority task.is less than or equal to the resource guaranteed by the second
wi(t) = oy(t) + er € hp(r) a;(t) is then the cumulative component. If that is guarant_geﬂz would be enough to
workload of the higher priority tasks than, hp(r;). For ~ Schedulel’, and the composability is guaranteed.
space reasons in this paper we consider the case of fixed The composability of real-time components is affected by
priority scheduling, but the same reasoning can be applief® scheduling policy which defines the resource distratouti

to dynamic priority scheduling paradigms. among th_e components. In case of figed priority scheduling
the priority describes the composition order among the
I1l. COMPONENTBASED REAL-TIME SYSTEMS tasks. Figure 2 depicts a FP scheduling fottasks each

A component-based view of real-time systems is de-of them modeled as a component and the assume-guarantee
fined such that each system element can be modeled ésterface, where thg;s are the resources passed among the
a component [4], [8]. The component interface describesomponents.
how the component relates to the other components and
the environment in terms of inputs/outputs. In particular, 3 l 1 Bo l o2 By Bo l n
real-time interfaces codes the timing requirements of the
component [23], [24]. Figure 1 shows a generic real-time
interfaces and its assume-guarantee version.

T1 T2 ce Tn

Figure 2. An example for fixed-priority scheduling. The cartgtional
resource is passed according the priority assignment: fibren highest

j priority task to the lowest priority taks.
7 - ‘ﬁ F The composability criteria in case of FP scheduling poli-
‘ a o T ‘ l cies applied can be derived in a compositional manner.
s’ a In [28] it has been derived the resource demand of a FP
L ‘/3/ Y scheduling component assuming, without loss of generality

the task set ordered by decreasing priority. Therefore, to
guarantee the satisfaction of timing constraint for task
the service provided to task, must be at leasB? () =

Henzinger et al. [25] propose assume-guarantee interfacés: (t — Dy) which is the assumed resource amount the
which are particular instances of real-time interfaces andh task expect to guarantee its deadlines. In FP tasks are
consider a) the requirements of a component in terms ofrdered according their priority, meaning that the serfoce
resource or expected arrivals in order to work properlyask7, is provided by tasks, ;. This also implies that the
and b) the resource or arrivals a component provides. Aiemaining service curve after have servadr, ..., 7,1
this stage of our analysis we are interested in the resourd®ust be at leas;) (¢). The resource requirement of the
composability, but also in the arrival curve in order to haveWhole FP scheduling component is the service bound of

Figure 1. A real-time component: its representation, théC Riterface
and the assume-guarantee version.

the full composability among components. the most priority task composing the compongit(t). To _
By comparing the resource request and the resourcderive th:lt, it r}qas to be seguennally computed the service
availability, it is possible to conclude on the composapili POUNdsE;(t), B (1), ..., B3 (¢) that each element expects

of components, which is equivalent to the classical schedut® Work properly. The resource requirement of a generic task
lability criteria: the resource provided to a component by IS given as
another component has to be e_nough to satisfy the timing ﬁ/il(t) = max{ﬁli_l(t)aazfl(A —Dr_1)¥% (2
requirements of the component itself. e "

1) Composability: According to the assume-guaranteewi;[h Be-a(t) = B (t=N)F+ap_1(t=A) wherel = sup{¢) :
abstraction, in a real-time component-based system tkere £ (t — %) = 0}, that guarantees the remaining service to
a component requesting for the computational resource andzIt differs from the results of the Theorem 3.4 of [29] becau$ehe

another component providing such resource [26], [27]. real-time constraints that have to be guaranteed in the RTC



be passed to the-th component to be no less than what the The probabilistic output curves can be inferred by apply-
k-th component requiresi (¢). Furthermore, to guarantee ing the relationship among the arrival and service inputs.
the timing constraint of,_1, the service provided to the From [29], the probabilistic output arrival curve is charac
k — 1-th elementﬁ,ffl(t) must be no less thaoy_;(t — terized as follows.

Dy._1). Applying Equation (2) fork =n—1,n—2,...,2

we guarantee the tasks timing constraints by computing th
resource required3;* (t) is the resource amount that has to
be provided in order to satisfy the timing constraints of all
the tasks scheduled: the assumed resource requirements.

Definition V.3 (Output Characterization)Consider a sys-
em component providing an probabilistic service curve
(B,9), with 3 € G and bounding functioy € G; consider
the component arrival which has a probabilistic arrival
curve («, f), with o € G and the arrival bounding function
Theorem 1l.1 (FP Composability) A FP component is f € G. The departure flow has a probabilistic output curve
composable with a resource provisioning component thafpoc) («/, /') with o/ = a®S(t2 — t1) and the bounding

guarantees3 amount of resource if function f' = f x g € G°, bounded as
Vit Bt < B(t), ()  P{supo<t,<t,{a@B(t2 — t1) — [d'(t2) — a'(t1)]} = =}
with 3 computed following Equation (2). < fxgla).

The composability obtained with the former assumed We propose the probabilistic version of the residual curve.

bound 3{!(¢) guarantee also the schedulability of the FPTheorem V.4 (Residual Service CurvelConsider a system
scheduling. component providing an probabilistic service cury, g)
with 3 € G and its bounding functiop € G, and the arrival
_ ] o which has a probabilistic arrival curvéa, f) with o € G
In this section we propose a probabilistic interface model 4 the bounding functiofi € G. Letd/(t2) = b(ts) —a(ts)

for real-time components. Our contribution is inspired by ihe system residual process afidits bounded residual
the probabilistic network calculus [19], [29]. service curve, the# is bounded by

Let G denote the set of non-negative wide-sense in-
creasing curves, where for each functiaft), there holds P{[t'(t2) =V (t1)] = B a(0) > 2} < fxg(x). (4)
G =Aa() : V0 <z < y0 < alx) < alyl P . G
With G we denote the set of non-negative Wide-senseéfég EOI)S"" tgﬁdprf)(b?{"'?f rzes;dual curve (pre) withy’ =
decreasing functions where for each functiffx), there aEn L) =T HGE):

IV. PROBABILISTIC REAL-TIME COMPONENTS

holdsG = {f(-) : 0<x<%,0< f(y) < f(z)}. Proof: For anyt, > t; > 0, by the definition of residual
The procesa is upper bounded by the arrival curuét)—  serviced’(t2) = b(t2) — a(t2), there holds
x, then for any time instand < ¢; < to andt = t5 — t4 , , B
there holdsa(ts) — a(t1) < a(t) — = which means that © (f2) =V'(t1) = b(t2) —alt2) = b(tr) +altr)
a(ty — t1) — [a(t2) — a(t1)] > . In [19] the definition of = [b(t2) = b(t1)] — [a(t2) — a(t1)]
the probabilistic arrival curve as follows. = [b(t2) — b(t1)] — B(t2 — t1)
Definition IV.1 (Probabilistic Arrival Curve) A task is said +B(t2 — t1) — alts —t1)
to have a probabilistic arrival curve (pacy € G with +a(tes —t1) — [a(t2) — a(t1)]
bounding functionf € G, denoted by(f,a), if for all < su b(ts) — bt — Bt — ¢
to > t1 > 0 and all z > 0, there holds o Ogtlgtg{[ (t2) (0)] = Alt2 = t)}
+ to —t1) —afte — ¢
Psupoci,<is alts — 1) — [a(ts) — a(ta)]} > 7} < f(z). oo, Wl — ) —allz =)
With the same reasoning it is also possible to define +O<Stugt {a(tz = t1) = [a(tz) — a(t2)]}
the probabilistic service curve. The service provisioning e
is lower bounded by the curvg(t) + z, then for any
0 < ty < t; there holdsb(tz) — b(t1) > B(ta — t1) + @ V(ta) —b'(t1) — sup {B(k) — a(k)} =
which meansgb(tz) — b(t1)] — B(t2 — t1) > =. We define the O<k<ts
probability service curve as follows. = S {[b(t2) — b(t1)] — B(t2 — t1)}
Definition 1V.2 (Probabilistic Service Curve)A system is + s_up_ {a(ty — t1) — [a(ta) — a(t1)]}.
said to provide the arrival with a probabilistic service mer 0<t1<t2
(psc) 3 € G with bounding functiory € G, denoted by 3 _ o N .
. Among bounding functions it is the convolution with the classical
(9,0), if for all to > ¢; > 0 andz > 0, there holds algebra; with the RTC curves is the min-plus convolutign

4As defined in the classical RTC [10], and by the notion of miimsp
P{SUPOShStz{[b(t2) = b(t1)] = B(ta —t1)} > 2} < g(w). deconvolution



where the right-hand side of the equation implies a sufficien As for the schedulability, the composability can be ex-
condition to obtainP{b’(t2) — b'(t1) — supy<<,{3(k) —  tended to the case of probabilistic service curves.

a(k)} < z}, which are thatP{supo<s, <, {a(ta — t1) —
[a(t2) — a(t1)]} > 2} and P{supo<t,<t,{[b(t2) — b(t1)] —
B(t2 —t1)} > «} are known. To ensure the system stable,
assume there yields

Theorem V.6 (Probabilistic Resource Composabilityh
component asking for resourcé;, g;) is composable to a
componeny providing resource(;, g;) if

1 Vot Bit) < Bi(t) (6)
limp oo 7 [B(K) — a(k)] < 0. . |
k The former two theorems applies the classical schedula-
From the lemma in [29] andup,-,{3(k) — a(k)} = B © bility conditions although with probabilistic curves, thdo
«(0) we conclude that B not need a demonstration. In future works the probability
function will be accounted for in the schedulability criger
P{b'(ty) = V' (t1) = B0 a(0) > x} < fxg(x) resulting in more flexible conditions.
] V. DISCRETEPROBABILITY BOUNDS

We have derived a probabilistic interpretation of the | this section we apply the probabilistic real-time calcu-
RTC curves where each curve has a probability functionys formerly introduced, to real cases with discrete pribab

associated. With the inputs and the outputs of a generie reagy gistriputions. In particular, we couple the RTC represe
time systems component and the algebra for probabilisti¢ytion and its defined probabilistic version with the known
curves we have defined probabilistic real-time interfaces f probabilistic real-time modeling.

real-time components by which start reasoning in terms o nropabilistic task model tells that each task instance
of probabilistic real-time calculus. The interface is give .4y have a certain inter-arrival interval and computation

(e, 1), (8, 9), (&, 1), (', 9)- time, and the probability associated to them tells the prob-
(3, 9) ability to have that arrival instant and computation time fo
‘ ' the next job instance.
(a, f) (o, f") In case of probabilistic tasks, specifically the case where

the period ofr is described by a random variable, the upper
‘W’ J) bound to the arrivals is obtained from the least possible
’ period for the taska® (t) < [-£_]-C. The lower bound

Figure 3. Probabilistic real-time component with it protiabic real-time instead comes form the |argest possible period for that task

interf tation. ' :
neriace fepreseniation al(t) = | 7= | - C. Those two curves bounds any possible
instance of the task period withid™", Tme],

A. Probabilistic Schedulability and Composability Example V.1. Given a taskr;

We propose a schedulability conditions for the tasks that 9 3 4
that have the worst-case execution times and the interarri 7 = (0,1, ( 05 03 0.2 ) ,2),

times given by random variables as modeled in Section II.

The tasks are scheduled under a FP policy. with the period described by a random variable, while the

The schedulability conditions comes from the the ar-fest of its parameter are deterministic. All the possible
rival and service curves. The main interest of these Conarrivals of 7 in the interval domain along all of its instances
ditions is that they involves tasks with parameters giverff® upper bounded by the curvg/(t) = [5] - 1. The lower
by random variables. Considering a task Beof n tasks bound is described by (t) = 7] - 1. See Figure 4.

7 = (04,Ci, T;, Dy, p;) with 7, the highest priority task -
and 7,, the lowest. In this case all the arrivals are upper
bounded bya! (t) = [ ]C;"** and lower bounded by

al(t) = [t |, ——
K o le%
Theorem IV.5 (Probabilistic FP Schedulability)A task set

I" is schedulable under FP with a probabilistic resource Figure 4. Upper and lower bound of the arrivals fgrand all the possible
provisioning(ﬁ g> if arrivals in between in the interval domain.
)

Vi 3ty € schedP, wi(to) < Blty), (5) The rest of the period distribution derives a set of arrival
curves which are not bounding the whole arrivals of the
with the probabilistic levet- workload (w;, h;) defined as  probabilistic task. The curvey; o(t) = [£] - 1 is obtained
wit) =3 enp(r @5 (1), @andhi(x) =3 oy, fi(x).  assuming all the job instances with arrivals everytime



0.5 0.5 Example V.2. Given a taskr;

l 0.-3 0.2 0.2
0

0 1 2 0 1 2 3 1 2 3
7= (0 10,10
(a) Distribution (b) Cumulative distribution i =0, ( 0.5 0.3 0.2 ) ,10,10),
Figure 5. The example ‘distribution of the samples with thiative
probabilities and a cumulative version. with the computation time described by a random variable,

while the rest of its parameter are deterministic. All the

possible arrival ofr; in the interval domain along all its

instances are upper bounded by the cumg?t) = [4] -3

units. Such a curve cannot bounfl0% of the job instance

arrivals; instead it can bound the case where all the in'upper bounds all the possible arrivals of because given

stances have arrivals either eveBytime unit, or every by the least possible period for arrivals of. The lower
or a mixture among the two According to the distribution 5,4 is described by (1)
K3

_ t) = |{5) - 1. See Figure 6.
provided, the cases bounded by, represents th&0% of
the total, where50% = 30% + 20%. The remaining50% o
is the probability of having instances with arrivals every
time units. It is enough just one instance with such a period
(T' = 2) that the task arrivals cannot be bounded &y,
anymore. This means that ; does not bound the remaining I_i_ o
50% of the cases. Finallyp; 2(¢t) = [%] - 1 bounds only
20% of the cases, those that have only arrivals evetime Figure 6. Upper and lower bound of the arrivals fgrand all the possible

. . ' L arrivals in between in the interval domain.

units. Figure 5 shows the distribution of the values and the
cumulative function obtained. The indexes are relativéno t
distribution values.

The rest of the distribution derives a set of arrival
curves which are not bounding the whole arrivals of the

We  consider the task model 7; =  probabilistic task. The curve; o(t) = [{5] - 2 is obtained
(0,C; " =Tio Tin - Tigy, =T D,). assuming all the job instances with a computation time of
Y Pio Py P o, ’ 2 time units. Such a curve cannot bouh@% of the job

Given a discrete distribution, it is easy to derive itsinstances, while it can bound the case where all the ins&nce
cumulative probability functiory;(x) such as have computation time @for 2. Even a mixture among the
Pio+Pi+... Py, =1 ifz<T two cases is still bounded hy; . According to the sample
Piy+Pao+... 151-7,%_ if =T distribution, the cases bounded by ; represents th&0%
fiz) = of the cases, which comes form the summatio$06§ and

20%. The remainings0% is represented by the probability
of having instances with computation time larger than
a;1 does not bound®0% of the casesaw; 2(t) = [%1 -1
The cumulative functiorf;(z) is applied for the upper bound hounds only20% of the cases, those that have computation
analysis, as intuitively expressed by Example VfZz) is  time of4. Since the probability distribution is the same as

the bounding function for the discrete arrival curve whish i the former example, Figure 5 depicts this case as well.
defined as

Piyk:Ti If r = Ti7kT7:
0 ifz> Ti7kT7:

The probabilistic computation time case and the prob-
abilistic period one can be combined obtaining the most
general case for a task = (O;,C;, 7;, D;). Its probabilistic
arrival curve is{«a;, f;) follows the former definitions.

i ) The probabilistic interface for a real-time component is
ai(t) it x> Ty, defined by the tuple({a, f), (3, q), (c/, '), (3., g)), and
That curve depends on and it bounds the application ar- with that it is possible to verify the schedulability and the
rivals for any intervat. «; and f;(z) defines the probabilistic composability of probabilistic real-time components as ex
arrival curve(o, f;) such that ploited in the previous section. With the probabilisticves
model it is possible to define more flexible schedulability
P{ sup {ai(tz —t1,2) = [ai(tz) —ai(ty)]} > 0} = fil2).  congitions by taking into account the bound and the accuracy

0<t;<t .
ThelsaZ)me idea can be applied for tasks with a com utatiolr?vel we want o consider.
bp P The real-time calculus abstraction allows to model both

time described by a random variable. An order among th . . . .
yar . o 9 "'%he random inter-arrival time and the random computation
samples and cumulative functions of the distribution can b(?ime of a task. This unifies the probabilistic real-time anal

created. .
ysis.

alo(t) if x <Tmm =T,
a1 (t) fx="T;,

Oé;fkTi (t) if = T%.,kTiv



hierarchy due to the fixed priority scheduling. The decon-
volution %, as the inverse of the convolution operator in
Equation 4, derives the bounding function of high priority
service curves from lower priority ones. It has been inférre
from similar reasoning as the one applied for Equation 4,
but a more formal proof will be provided in future works.
Furthermoregs = f2 since 32 = aa(t — D3) in order to
have ther, scheduled on time.

(3t 2),9'(2))

Figure 7. Probabilistic real-time component with its proitiatic real-time
interface representation. Discrete random variable case.

VI. TESTCASE 04+06=1 ifz<0
; : o g2(z) = fa(x) = 06 ifa=1
We consider a peculiar case where to apply the probabilis- 0 ifz>2

tic framework we have developed. We refer our test-case to a, ] ) ]
basic hierarchical scheduling system, with two componentg1 @hdj1 can be easily computed with the operators defined
representing two tasks , 7> that are scheduled according a I the modular performance analysis framework in [30].
fixed-priority scheduling policy. (61, g1) defines the probabilistic function as the minimum

The hierarchy among the components is defined througFesource requirement of the fixed-priority composition of
priority of the tasks. The most priority one receives thethe two tasks that guarantees the composability and then
computational resource first. The resource amount it doegchedulability of the FP macro component.

not apply to execute is the passed to the second one which l o1 l az
can execute only when the first is not executing. We assume B P2 P2
71 andry, as probabilistic tasks and with an higher priority Res T1 T2
than . The two tasks are defined as
Figure 8. Two task components with a fixed-priority resowsckeduling.
le(o(1 2)<5 6)10) at
"\ 03 07 )°\ 06 04 )’

12
7= (O’( 0.3 0.7 ) ,10,10)

where ; has inter-arrival time and computation time de-
scribed by random variable, while has just the computa-

tion time as a random variable.

Figure 9. Upper and lower bound of the arrivals fgrand all the possible
arrivals in between in the interval domain.

0.4240.28+0.1840.12=1 ifz<0
0.28+0.18+0.12=0.58 ifz=1 VII. CONCLUSIONS
= 0.18+40.12=03 ifx=2 . o - .
h@) * 0.12 if i —3 We introduce in this paper the problem of timing analysis
0 ifz>4 of probabilistic real-time systems making use of abstoacti

(% 2 ifz<0 frameworks. We have extended the real-time calculus to the
(§ 2 ife=l probabilistic case, and the RTC algebra by taking into ac-
a1 (t,x) = [£]-1 ifz=2 .- . . .
111 fz=3 count probability functions. In this way we develop flexible
L% 1 ifz>4 abstractions able to cope with different grades of reaétim

04+06=1 ifz<0

e
BN
8
&
I
/_/H [ [ [ [p—

schedulability and quality of service.
We would like to extend, within future work, the model

06 ifz=1
0 ifx>2 developed here toward a complete probabilistic real-time
[51-2 fz<0 calculus. The flexible schedulability and composability-co
az(t,x) = [@} 1 'I T = ditions, that we obtained, require a deeper investigation i
£]1 ifz>2
0 =

We have represented the probabilistic arrival curves of the
two task, (a1, f1), (a2, f2). See Figures 9 for details about

aq.

Because of the composition of the two tasks, to th
high priority taskr; it has to be guaranteed a probabilistic
service curve(,g1) where 3, = max{ﬁf,al(t —D1)}
with Bi(t) = Ba(t — A) 4+ o (t — A) and X = sup{y -
Ba(t — ) = Ba}, according to Equation (2). Ang;(x) =
maz{go*f1(x), f1(x)}, which comes from the implicit task

order to outline their full potential.
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