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Abstract

Engine control is one the most challenging examples of cyber-physical system (CPS), where the software

that controls injection and combustion must be designed to take several physical characteristics of the

engine into account. From a timing perspective, engine control software requires the execution of different

types of computations, some cyclicly activated at fixed intervals (periodic tasks) ranging from a few

milliseconds up to hundreds of milliseconds, and some triggered at predefined rotation angles of the

crankshaft (angular tasks). Such angular tasks generate a dynamic workload that is activated at a

variable rate, which is strictly dependent on the actual engine speed. To avoid overloading the processor

at high engine speeds, angular tasks are typically implemented as a set of operational modes, each

characterized by a different computational demand and acting on a different speed interval, thus achieving

an adaptive behavior. Such particularities make state-of-the-art approaches ineffective for analyzing the

timing properties of engine-control applications with a reasonable degree of accuracy.

This thesis focuses on engine-control real-time applications and makes three main novel contributions.

First, it proposes real-time analysis methods for engine-control applications that explicitly take into

account the physical constraints of the considered CPS. To this purpose, a model of engine-control tasks

is presented together with models of a rotating crankshaft, which is used as a reference for precisely

studying engine-triggered tasks. Exact analysis methods are derived for both fixed-priority (FP) and

earliest-deadline first (EDF) scheduling under a set of assumptions. These methods are based on the

notion of dominant speeds, which are particular engine speeds that are proved to determine the worst-case

behavior of engine-triggered tasks from a timing perspective.

Experimental studies have been conducted to evaluate the proposed analysis methods. The results

show that the proposed approach for FP scheduling exhibits a significant performance improvement

over an alternative approach proposed by other authors. Furthermore, other experimental results show

that EDF scheduling of engine-control tasks allows achieving near-optimal performance on uniprocessor

systems, while FP scheduling exhibits a significant degradation for utilization values that are much lower

than those observed in classical periodic scheduling.

In addition to these exact schedulability tests, a simple, but sufficient analysis for EDF scheduling is

presented. The analysis has a linear-time complexity and is based on utilization bounds that are aware

of physical constraints. Thanks to its conceptual simplicity, this approach also allows targeting more

general configurations of the considered engine-control applications.

The three abovementioned analysis techniques assume that the system is able to know the instanta-

neous engine speed at any instant. In practice, however, the instantaneous engine speed is not known

and can only be estimated by various techniques, which hence introduce an error with respect to the

ideal case of perfect knowledge. To cope with this practical issue, a method for accounting speed estima-

tors in the analysis is presented. An experimental study revealed that simple and common estimation

techniques do not significantly jeopardize the system schedulability.

Besides providing analytical tools for studying the timing properties of engine-control applications

and predicting possible overload conditions, the analysis presented in this thesis may also be useful to
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address other relevant problems in the design of engine-control systems. As an example, the analysis can

serve as a foundation to develop partitioning algorithms for multicore systems, thus playing a key role

in solving a crucial problem that is today faced by several industries.

Second, motivated by the observed theoretical advantages of EDF scheduling over FP scheduling,

the thesis discusses the design and the implementation of a real-time operating system (RTOS) support

for EDF scheduling of engine-control tasks. The support is conceived for being integrated with minimal

changes into a RTOS that is compliant with the OSEK/AUTOSAR standard, today adopted by several

players in the automotive industry. The implementation has been performed on top of the ERIKA

Enterprise RTOS. Quantitative measurements collected from a deployment on a reference platform are

finally presented, showing that the support introduces very limited runtime overhead and additional

memory footprint with respect to an implementation of FP scheduling.

Third, this thesis proposes a design methodology for selecting the switching speeds of engine-triggered

tasks that maximize the system performance while guaranteeing the timing constraints of the corre-

sponding engine-control application. To this end, a performance model is presented, which has been

also validated via a Diesel engine simulator. Based on such a model, three algorithms are proposed:

two heuristics and a branch-and-bound method that guarantees finding the optimal solution within a

given granularity. In addition, a simple method to compute a performance upper bound is presented.

Simulation experiments show that the performance of the proposed heuristics is quite close to the one

of the upper bound and the optimum within a finite granularity. This contribution is one of the first ef-

forts aiming at integrating performance metrics together with real-time constraints on the computational

activities to address the design optimization of engine-control systems.

Thesis organization

Chapter 1 introduces the application domain and presents the main problems addressed in the thesis.

Chapter 2 presents the adopted model of engine-control applications for the purpose of real-time analysis.

Two models for the physical dynamics of a rotating crankshaft are also presented, which are then used to

derive the timing parameters of engine-triggered tasks. Chapter 3 and Chapter 4 present the analysis of

engine control applications under FP and EDF scheduling, respectively. In both the chapters, theoretical

results are derived by precisely studying the computational demand generated by engine-triggered tasks

over time. Then, such results are used as the foundations to design algorithms that implement efficient

schedulability tests. Experimental results concerning the performance of the proposed tests are also

reported. In Chapter 5, a simple, but sufficient analysis for EDF scheduling is proposed. The analysis

has a linear-time complexity and is based on utilization bounds of engine-triggered tasks. Chapter 6

presents a method to account for speed estimators in the analysis of engine-control applications. Two

common speed estimation techniques are described and their impact on schedulability performance is

experimentally evaluated. Chapter 7 discusses the design and the implementation of an OSEK-like RTOS

support for EDF scheduling of engine-control tasks. Quantitative measurements on a reference platform

are also reported. Chapter 8 addresses the problem of selecting the switching speeds of engine-triggered

tasks to optimize the engine performance. A performance model is presented and three algorithms to

solve the problem are presented. The chapter also reports experimental results aiming at evaluating the

proposed algorithms and validating the performance model with a Diesel engine simulator. Chapter 9

discusses the work related to this thesis. Chapter 10 examines some common beliefs concerning the

analysis of engine-triggered tasks, which are showed being wrong. In Chapter 11, possible extensions

and future developments are illustrated, together with the limitations of the contribution of this thesis.

Finally, Chapter 12 concludes the thesis summarizing some final remarks.

2



Chapter 1

Introduction

Among the countless technological innovations driven by the electronics revolution, computerized engine

control established as a widely-adopted industrial solution since the early 80’s, replacing the existing

mechanical technologies with the aim of improving fuel economy, vehicle drivability, power and reducing

the emissions of pollutants. Today, most (if not all) production engines are controlled by an electronic

control unit (ECU), which employs a domain-specific microcontroller to retrieve information from sensors,

make calculation and decisions, and then operate on the engine via actuators—thus automating the whole

control process.

Modern engine control is a typical example of cyber-physical system (CPS), because the software that

controls injection and combustion must be designed taking into account several physical characteristics

of the engine and the combustion process taking place within it. The primary objective of the control

software is to guarantee the injection of the correct amount of fuel in the cylinders and the ignition of the

air/fuel mixture at desired angular positions of the crankshaft [1]. To this end, the software reconstructs

the engine state by sampling several senors that detect physical parameters like temperature, pressure

and crankshaft position. The collected data are then used to perform calculations and implement the

control process by driving actuators such as fuel injectors and ignition coils.

One of the most peculiar features of engine control software is to require the execution of different

kinds of computational activities: while some control functions are activated by a timer at a fixed time

intervals (periodic tasks), other control tasks are triggered at predefined rotation angles of the crankshaft

(angular tasks), thus generating a dynamic workload that strictly depends on the engine speed: the

higher the speed, the higher the activation rate. Both these kinds of tasks execute together on the

same platform and are typically managed by a fixed-priority scheduler, as established in the AUTOSAR

standard (today adopted by several players in the automotive industry).

In a typical engine control application, periodic tasks have periods ranging from a few milliseconds

up to hundreds of milliseconds. Angular tasks are generally activated multiple times within a crankshaft

revolution, following a periodic pattern in the angular domain with respect to a reference angular position.

In a reciprocating engine, the dead centre is the position of a piston in which it is farthest from, or nearest

to, the crankshaft. The former is the top dead centre (TDC) while the latter is the bottom dead centre

(BDC), as illustrated in Figure 1.1. In a four-cylinder engine, the pistons are paired in phase opposition,

so that, when two of them are in a TDC, the others are in a BDC. The TDC is the typical reference

point used by the controller activities for the functions and actions that need to take place within the

rotation. The actions performed by angular tasks include (among others) computing the phase (time

relative to the TDC) of the injection and the quantity of fuel to be injected, but also checking whether

the combustion occurred properly. Depending on the structure of the engine control application, these

3



functions are implemented in tasks that are activated at each TDC, to perform control functions which

have to be synchronized with the engine’s reciprocating behavior, or even more frequently, e.g., 2/4 times

per crankshaft revolution to handle cylinder-specific air/fuel control [1].

=0φ

BDC BDC

fuel
injection

TDC

=180

TDC

φ

Figure 1.1: Relationship among engine phases and reference points in the crankshaft rotation period.

The major problem with angular tasks is that, being their activation rate strictly dependent on the

engine speed, at high engine speeds they are activated very frequently—thus generating a computational

demand that may overload the processor of the ECU. If not properly handled, this phenomenon could

introduce large delays on control responses, with a significant performance degradation of one or more

control functions [2].

A common solution often adopted in automotive applications to prevent such overload situations is

to develop angular tasks that adapt their computational demand at different speeds, by changing their

functionality [3]. This is typically done by defining a set of execution modes, each operating within a

given speed range. At low revolution rates, the time interval between two reference points (e.g., the TDC

for a set of cylinders) is large and allows the execution of sophisticated controls (and possibly multiple

fuel injections). The same algorithm cannot be executed at higher revolution rates, because it would

lead to an overload, generating several deadline misses. Therefore, simplified, or even different, control

algorithms are used at high engine speeds. This approach is also compatible with the engine dynamics:

in fact, at low speeds the engine is less stable and necessitates of a fine-grained control, while at high

speeds the engine is more stable and hence simpler control algorithms tend to work better.

The timing properties of the control software determine the performance of the engine with respect to

several indexes like power, fuel efficiency and pollutant generation. Together with the software reactions,

the timing properties must also be carefully tuned to avoid damaging the engine because of a set of

undesirable phenomena that may happen in the presence of late operations of the controllers, such as

knocking and high compression [1, 4]. Analyze and understand the timing of such software systems is

therefore of paramount importance for the design and the validation of engine control systems.

Due to the central relevance of the timing aspects, the engine controller is de-facto a real-time

computing system, i.e., a computing system whose correct behavior depends not only on the functional

correctness of the computations but also on the time at which the results are produced. To date,

enormous efforts have been spent in the design and the analysis of real-time systems, providing several

solutions to handle a wide-range of computational activities that are subject to temporal constraints.

However, the particularity of engine control software make classical approaches ineffective for analyz-

ing its timing properties with a reasonable degree of accuracy. In fact, although periodic computational

4



Chapter 1. Introduction

activities have been studied since the 70’s, very few solutions are available to precisely study angular

tasks. Their variable rate of activation, in conjunction with their speed-dependent adaptive behavior,

originate considerable challenges when analyzing engine control software, which cannot be solved with

classical techniques without incurring in excessive pessimism. Furthermore, considering that the timing

behavior of angular tasks is strictly dependent on the engine dynamics (specifically, the rotation of the

crankshaft), the physical constraints of the system play a key role and cannot be neglected if a proper

understanding of the problem is aimed. All these facts determine the need for novel analysis techniques,

which represent important building blocks for developing new and accurate design methodologies for

engine control software.

The first objective of this thesis is to address the analysis of engine control software by proposing new

real-time analysis methods that explicitly take into account the physical constraints of the considered

CPS. Different modeling strategies, scheduling algorithms and analysis techniques will be considered.

Then, motivated by some theoretical advantages observed in the adoption of dynamic-priority scheduling

algorithms, a new real-time operating system support will be presented. Finally, a design methodology

for configuring the adaptive behavior of angular tasks will be proposed, which has the scope of maximizing

the system performance while guaranteeing the timing constraints of engine-control software (ensured

with one of the proposed analysis methods).

5



Chapter 2

Modeling

In this work, we consider a single rotation source (the crankshaft of one engine) characterized by the

following state variables:

• θ the current rotation angle of the crankshaft;

• ω the current angular speed of the crankshaft;

• α the current angular acceleration of the crankshaft.

We also assume that the speed ω is limited within a given range [ωmin, ωmax] and the acceleration α is

limited within a given range [α−, α+], as also true for real-world engines.

In the following, we first introduce a model for engine control applications (Section 2.1) for the

purpose of real-time (timing) analysis. The proposed model does not pretend to cope with any possible

industrial design of the engine control software; however, to the best of our knowledge, our experience

and a number of discussions we undertook with industrial partners, it is appropriate for modeling a

representative set of engine control applications.

Subsequently, we present two models for the physical dynamics of a rotation source that is subject to

bounded speed and bounded acceleration, as reported above. The first model (Section 2.2) is based on

the simplifying assumption of constant acceleration during a given angular interval within one crankshaft

revolution. The second model (Section 2.3) is more complex but analytically more precise, and allows

computing minimum inter-arrival times under arbitrary acceleration profiles with unbounded jerk (i.e.,

infinite rate of change of the acceleration)—a conservative assumption that avoids incurring in excessive

complications for the purpose of this work.

2.1 Application model

The considered engine-control applications consist of a set Γ = {τ1, τ2, . . . , τn} of n real-time preemptive

tasks. Each task can be either periodic (i.e., activated at fixed time intervals), sporadic (i.e., activated

with a minimum inter-arrival time) or an angular task (i.e., activated at specific crankshaft rotation

angles). Since angular tasks have a variable inter-arrival time linked to the engine speed and adapt their

workload for different speeds, they are also referred to as adaptive variable-rate (AVR) tasks. In the

following, the subset of regular periodic/sporadic tasks is denoted as ΓP and the subset of angular AVR

tasks is denoted as ΓA, so that Γ = ΓP ∪ ΓA and ΓP ∩ ΓA = ∅. The overall utilization of ΓP is denoted

as UP . For the sake of clarity, whenever needed, an AVR task may also be denoted as τ∗i .

Both types of tasks are characterized by a worst-case execution time (WCET) Ci, an inter-arrival

time (or period) Ti, and a relative deadline Di. However, while for regular periodic/sporadic tasks such

6



Chapter 2. Modeling

parameters are fixed, for angular tasks they depend on the engine rotation speed ω. In particular, an

angular task τ∗i is characterized by an angular period Θi and an angular phase Φi, so that it is activated

at the following angles:

θi = Φi + kΘi, for k = 0, 1, 2, . . .

This means that, when the engine is rotating at a fixed speed ω, the inter-arrival time of an AVR task

is inversely proportional to the engine speed and can be expressed as

Ti(ω) =
Θi

ω
. (2.1)

TDC Φi

∆i

Θi

Figure 1: Parameters of an angular task, represented on a revolution.

0.1 AAAAA

[?]

1

Figure 2.1: Parameters of an angular task, represented on a revolution.

Figure 2.1 graphically illustrates the parameters of an angular task, represented on a revolution. The

angular phase Φi is relative to a reference position called Top Dead Center (TDC) corresponding to the

crankshaft angle for which at least one piston is at the highest position in its cylinder. Without loss of

generality, the TDC position is assumed to be at θ = 0. An angular task τ∗i is also characterized by a

relative angular deadline ∆i expressed as a fraction δi of the angular period (δi ∈ [0, 1]). In the following,

∆i = δiΘi represents the relative angular deadline.

An AVR task τ∗i is typically implemented [3] as a set Mi of Mi execution modes with decreasing

functionality, each operating in a predetermined range of rotation speeds. Mode m of an AVR task τ∗i
is characterized by a WCET Cmi and is valid in a speed range (ωm+1

i , ωmi ], where ωMi+1
i = ωmin and

ω1
i = ωmax. Hence, the set of modes of task τ∗i can be expressed as

Mi = {(Cmi , ωmi ),m = 1, 2, . . . ,Mi}.

The WCET Ci,k of an arbitrary AVR job Ji,k can be expressed as a non-increasing step function Ci(ω)

of the instantaneous speed ω at its release, that is,

Ci,k = Ci(ω) ∈ {C1
i , . . . , C

Mi
i }. (2.2)

An example of Ci(ω) function is illustrated in Figure 2.2.

The implementation of AVR tasks can be performed as a sequence of conditional if statements,

each executing a specific subset of functions [3,5] (also denoted as runnables in the automotive domain).

Figure 2.3 illustrates a sample AVR task with four modes reported in Table 2.1. In this example, ωmin =

500 RPM, and ωmax = 8000 RPM. In this example, we assume that function read rotation speed()

7



2.2. Rotation source model: constant acceleration

returns the instantaneous speed ω at the task activation time (not at the execution time of the function).

Ci(ω)

C1
i

C2
i

Cm
i

CMi
i

ωωmin
i ωMi

i ωm
i ω2

i ω1
i

0.1 AAAAA

[?]

1

Figure 2.2: Worst-case execution time of an AVR task as a function of the speed at the job activation.

Mode speed interval (RPM) functions to be executed
Mode 1 ( 6000, 8000] f1();

Mode 2 ( 4000, 6000] f1(); f2();

Mode 3 ( 2000, 4000] f1(); f2(); f3();

Mode 4 [ 500, 2000] f1(); f2(); f3(); f4();

Table 2.1: Sample AVR task with four modes.

#define W1 8000
#define W2 6000
#define W3 4000
#define W4 2000

task sample AVR task {
omega = read rotation speed();

if (omega ≤ W1) f1();
if (omega ≤ W2) f2();
if (omega ≤ W3) f3();
if (omega ≤ W4) f4();

}

Figure 2.3: Implementation of the AVR task reported in Table 2.1.

2.2 Rotation source model: constant acceleration

For the purpose of analyzing the timing properties of engine control applications that include AVR

tasks, it is crucial to characterize the relation between the AVR task parameters and the dynamics of the

engine. In this section we make the simplifying assumption that the engine acceleration has a negligible

variation during two consecutive jobs of an AVR task, and is hence assumed constant within the angular

period of AVR tasks. Such an assumption significantly simplifies the derivation of the inter-arrival time

between two consecutive jobs as a function of the engine state. On the other hand, it can lead to

the computation of optimistic inter-arrival times. Although this model has this drawback, a numerical

8



Chapter 2. Modeling

evaluation we conducted revealed that the error introduced by the assumption of constant acceleration is

very marginal, especially when considering realistic speed and acceleration bounds. This result together

with the simplicity of this model favor its application.

Suppose that a job Ji,k of an AVR task τ∗i is released at time tk with instantaneous engine speed ωk.

Following the approach proposed by Buttazzo et al. [5], the release time tk+1 of the next AVR job Ji,k+1

assuming constant acceleration αk during (tk, tk+1] can be computed as tk+1 = tk + Ti(ωk, αk), where

Ti(ωk, αk) =

√
ω2
k + 2Θiαk − ωk

αk
. (2.3)

In a similar way, the instantaneous engine speed ωk+1 = Ω(ωk, αk) at the release of the next job Ji,k+1

can be computed as ωk + αkTi(ωk, αk), which gives:

Ωi(ωk, αk) =
√
ω2
k + 2Θiαk. (2.4)

If two consecutive jobs Ji,k and Ji,k+1 are respectively released when the engine has instantaneous

speeds ωk and ωk+1, the inter-arrival time T̃i(ωk, ωk+1) between the two jobs can be obtained by Equa-

tion (2.3), substituting αk from Equation (2.4), which gives:

T̃i(ωk, ωk+1) =
2Θi

ωk + ωk+1
. (2.5)

Still considering a given job Ji,k released at instantaneous speed ωk, a particular case of Equation (2.5)

can be derived for computing the minimum inter-arrival time T̃mi (ωk) to have the next job Ji,k+1 released

in mode m (if reachable with the acceleration bounds), that is

T̃mi (ωk) = T̃i(ωk, ω
m) =

2Θi

ωk + ωm
. (2.6)

Finally, given a job Ji,k released with instantaneous speed ωk and the inter-arrival time T to the next

job Ji,k+1, we define Ω̃(ωk, T ) as the instantaneous speed at the release Ji,k+1, which from Equation

(2.5) results to be:

Ω̃i(ωk, T ) =
2Θi

T
− ωk. (2.7)

It is also convenient to define the inverse function of Equation (2.4), representing the initial speed ωk

that allows reaching speed ωk+1 with constant acceleration αk, that is,

Ω−i (ωk+1, αk) =
√
ω2
k+1 − 2Θiαk. (2.8)

In the analyses presented in the following chapters, we also need to compute the engine speed after n

job releases (following an arbitrary kth job), with constant acceleration α during (tk, tk+n]; such a value is

denoted as Ωn and can be recursively computed as Ωn(ωk, α) = Ω(Ωn−1(ωk, α), α), where Ω0(ω, α) = ω.

Similarly as in Equation (2.8), we define the inverse function Ω−n(ωk+n, α) = Ω−(Ω−(n−1)(ωk+n, α), α),

where Ω−0(ω, α) = ω.

2.2.1 Monotonicity of inter-arrival times

Consider two consecutive jobs Ji,k and Ji,k+1 with Ji,k+1 released at a given speed ωk+1. Let ωk and ω′k
be two possible speeds at the release of Ji,k. We note that, if ωk > ω′k then T̃i(ωk, ωk+1) < T̃i(ω

′
k, ωk+1).

That is, the higher the speed at which Ji,k is released, the lower the inter-arrival time to the next job.

9



2.3. Rotation source model: minimum-time acceleration

Similarly, consider now the case in which Ji,k is released at a given speed ωk and let ωk+1 and ω′k+1

be two possible speeds at the release of Ji,k+1. If ωk+1 > ω′k+1 then also T̃i(ωk, ωk+1) < T̃i(ωk, ω
′
k+1).

Finally, note that function T̃i(ωk, ωk+1) is also simultaneously decreasing in the two variables, that

is, if ωk > ω′k and ωk+1 > ω′k+1 then T̃i(ωk, ωk+1) < T̃i(ω
′
k, ω

′
k+1).

These simple properties will result fundamental for the analyses presented in the following chapters.

2.3 Rotation source model: minimum-time acceleration

The assumption of constant acceleration, on which the model presented in Section 2.2 is based, can lead

to the computation of optimistic inter-arrival times between two jobs of an AVR tasks, e.g., when using

function T̃ (ωk, ωk+1). In fact, given two jobs Ji,k and Ji,k+1 of an AVR task τ∗i , respectively released

at speeds ωk and ωk+1, there can exist several non-constant acceleration profiles that, when undertaken

by the rotation source, lead to lower inter-arrival times between Ji,k and Ji,k+1 with respect to the one

related to the case of constant acceleration.

To overcome this limitation, in this section we present another model for the rotation source. Dif-

ferently from the one presented in Section 2.2, this model does not rely on the assumption of constant

acceleration, but it is based on limit-case acceleration profiles that allows deriving a conservative lower-

bound on the inter-arrival time of AVR tasks. Such limit-case acceleration profiles are obtained by

considering bounded acceleration but unbounded jerk (i.e., infinite rate of change for the acceleration),

which allows coping with any possible acceleration profile that the rotation source can undertook.

Although allowing the derivation of an analytically-safe analysis, this model is fairly complicated

with respect to the one presented in Section 2.2. Moreover, after conducting a numerical evaluation, we

found that this model provides very marginal improvements with respect to the one based on constant

acceleration, especially for practical values of speed and acceleration bounds.

ω(t) ω(t)

t t

ωa

ωa

ωb

ωb

ω
maxωX

T̃
min(ωa, ωb) T̃

min(ωa, ωb)

(a) (b)

α
+ α

+

α
− α

−

0 0

Figure 2.4: Limit-case acceleration profiles (within the angular period of an AVR task) that lead to
minimum inter-arrival times. A job Ji,k is released at speed ωa (time t = 0) and the following job Ji,k+1

is released at speed ωb after T̃i(ωa, ωb) time units.

Given an initial state X0 = [θ = 0, ω = ωa] and a final state X1 = [θ = Θi, ω = ωb], it is known [6, 7]

that, under bounded speed and bounded acceleration, the acceleration profile leading to the minimum

time to reach state X1 from state X0 can be constructed as follows:

• accelerate with the maximum acceleration α+ until reaching a particular speed ωX , covering an

angular distance of length Θ+;

• decelerate with maximum deceleration α− from speed ωX , covering an angular distance of length

Θ− = Θi −Θ+.
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When the initial speed ωa is close to the maximum speed ωmax (a formalization of what “close”

means will be provided later), the minimum time can be obtained with a slightly different acceleration

profile, which can be constructed as follows:

• accelerate with the maximum acceleration α+ until reaching the maximum speed ωmax, covering

an angular distance of length Θ+
i ;

• remain at the maximum speed ωmax for an angular space of length Θ=;

• decelerate with maximum deceleration α− from speed ωmax, covering an angular distance of length

Θ− = Θi −Θ+ −Θ=.

The acceleration profiles for the two cases are respectively illustrated in Figure 2.4-(a) and Figure 2.4-

(b). We now proceed with the derivation of the expressions for the inter-arrival times under both the

cases. For the sake of simplicity, we omit all the intermediate algebraic steps that are needed to obtain

the results.

Case (a). The acceleration profile illustrated in Figure 2.4-(a) is regulated by the following system of

physical equations:





Θi = Θ+ + Θ−

ωX =
√
ω2
a + 2Θ+α+

ωb =
√
ω2
X + 2Θ−α−

Solving the above system of equations for speed ωX gives

ωX =

√
ω2
aα
− − ω2

bα
+ + 2Θiα+α−

α− − α+
. (2.9)

As a consequence, if two consecutive jobs Ji,k and Ji,k+1 are respectively released at speeds ωa and

ωb, a safe lower-bound T̃ (ωa, ωb) on the inter-arrival time between the two jobs can be computed as

T̃i(ωa, ωb) =
ωX − ωa
α+

+
ωb − ωX
α−

=
(α− − α+)

√
ω2

aα
−−ω2

bα
++2∆Θα+α−

α−−α+ − α−ωa + α+ωb

α−α+
. (2.10)

Case (b). Being the speed domain bounded in the range [ωmin, ωmax], it can happen that speed ωX

(according to Equation (2.9)) results higher than the maximum speed wmax. In this case, the acceleration

profile illustrated in Figure 2.4-(b) leads to the minimum time.

The first and the last part of the acceleration profile are regulated by the following two equations:




ωmax =

√
ω2
a + 2Θ+α+

ωb =
√

(ωmax)2 + 2Θ−α−
.

By solving the two equations for Θ+ and Θ− we obtain





Θ+ =
(ωmax)2−ω2

a

2α+

Θ− =
ω2

b−(ωmax)2

2α−

.

Now, the angular distance Θ= for which the rotation source remains at constant speed ωmax can be

computed as

Θ= = Θi − (Θ+ + Θ−) = Θi −
(

(ωmax)2 − ω2
a

2α+
+
ω2
b − (ωmax)2

2α−

)
.
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2.3. Rotation source model: minimum-time acceleration

Once computed Θ=, if two consecutive jobs Ji,k and Ji,k+1 are respectively released at speeds ωa and

ωb, and ωX > ωmax (according to Equation (2.9)), a safe lower-bound T̃ (ωa, ωb) on the inter-arrival time

between the two jobs can be computed as

T̃i(ωa, ωb) =
ωmax − ωa

α+
+

Θ=

ωmax
+
ωb − ωmax

α−
. (2.11)

Analogously as done for the model in Section 2.2, considering a given job Ji,k released at instantaneous

speed ωa, a particular case of Equation (2.10) and Equation (2.11) can be derived for computing the

minimum inter-arrival time T̃mi (ωa) to have the next job Ji,k+1 released in mode m (if reachable with

the acceleration bounds), that is

T̃mi (ωa) = T̃i(ωa, ω
m).

2.3.1 Monotonicity of inter-arrival times

In this section, we show that the same properties discussed in Section 2.2.1 also hold for this model of the

rotation source. Unfortunately, due to the analytical complexity of Equation (2.10) and Equation (2.11),

it is not straightforward to show the monotonicity properties of interest.

We consider each case discussed in the previous section separately.

Case (a). First of all note that, given a speed ωb, Equation (2.10) is not monotone with speed ωa. That

is, given two speeds ωa and ωa′ , with ωa > ωa′ , analytically speaking it may happen that T̃i(ωa, ωb) >

T̃i(ωa′ , ωb). This can be also noted by looking at the example plot of Equation (2.10) reported in

Figure 2.5.
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Figure 2.5: Example plot of T̃ (ωa, ωb) as a function of ωa for ωb = 3000 RPM.

However, with a physical interpretation of Equation (2.10), we can conclude that such cases are

physically impossible, i.e., the values for ωa for which the monotonicity property of Equation (2.10) is

broken correspond to speeds for which is not possible to reach speed ωb without violating the acceleration

bounds.

To show this, we proceed by studying Equation (2.10). The first derivative of Equation (2.10) with

respect to ωa is
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∂

∂ωa
T̃i(ωa, ωb) =

ωa −
√

2Θiα−α++α−ω2
a−α+ω2

b

α−−α+

α+

√
2Θiα−α++α−ω2

a−α+ω2
b

α−−α+

.

By equaling the first derivative to zero, it is possible to find the stationary point of Equation (2.10),

that is

∂

∂ωa
T̃i(ωa, ωb) = 0 ⇒ ωa =

√
ωb − 2Θiα− = Ω−i (ωb, α

−).

Also note that such a point is a minimum and corresponds exactly to the maximum speed from which

it is possible to reach speed ωb (without violating the acceleration bounds). Therefore, Equation (2.10)

is monotonically decreasing with ωa for speeds ωa from which it is physically possible to reach ωb.

In a similar manner, it is possible to show that Equation (2.10) is monotonically decreasing with ωb,

which allows concluding that the equation is also simultaneously decreasing in both the variables.

Hence, we can state that the same properties discussed in Section 2.2.1 hold.

Case (b). First of all, note that Equation (2.11) is not monotone with speed ωa. However, it is possible

to show that the monotonicity property is broken only for speeds ωa that are impossible given the

considered speed bounds. We proceed by adopting the same approach used for case (a).

The first derivative of Equation (2.11) with respect to ωa is

∂

∂ωa
T̃i(ωa, ωb) =

ωa − ωmax

α+ωmax
.

By equaling the first derivative to zero, it is possible to find the stationary point of Equation (2.11),

that is

∂

∂ωa
T̃i(ωa, ωb) = 0 ⇒ ωa = ωmax.

Also in this case, such a point is a minimum. Clearly, there cannot exist valid speeds ωa that are

higher than the maximum speeds ωmax, hence the monotonicity property holds for all valid speeds

ωa ≤ ωmax. In a similar manner, the same can be shown for all valid speeds ωb ≤ ωmax.

To summarize, if function T̃i(ωa, ωb) is applied to pairs of speeds ωa and ωb that are compatible with

the acceleration and the speed bounds, in both the cases we have

if ωa > ω′a, then T̃i(ωa, ωb) < T̃i(ω
′
a, ωb),

if ωb > ω′b, then T̃i(ωa, ωb) < T̃i(ωa, ω
′
b),

if ωa > ω′a ∧ ωb > ω′b, then T̃i(ωa, ωb) < T̃i(ω
′
a, ω
′
b).
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2.4 Table of symbols

To help the reader in following the adopted notation, Table 2.2 summarizes the main symbols introduced

above.

Symbol Description

τi ith periodic task

τ∗i ith AVR task

Ci(ω) WCET of τ∗i as a function of the instantaneous speed

Cm
i WCET of mode m of τ∗i

ωm
i Maximum speed for mode m of τ∗i

Θi Angular period of τ∗i

Γ Task set

ΓP Subset of Γ composed of periodic tasks

ΓA Subset of Γ composed of AVR tasks

Ti(ωk, αk) Inter-arrival time between the kth and (k + 1)th job instances, with constant acceleration αk

Ωi(ωk, αk) Engine speed at the release of job Ji,k+1 assuming that job Ji,k is released with speed ωk and
constant acceleration αk

Ω̃i(ωk, T ) Engine speed at the release of job Ji,k+1 assuming that job Ji,k is released with speed ωk and
the inter-arrival time between Ji,k and Ji,k+1 is T

T̃i(ωk, ωk+1) Inter-arrival time between a job released at speed ωk and the following at speed ωk+1

T̃m
i (ωk) Minimum inter-arrival time between a job released at speed ωk and the following in mode m

Ωn
i (ωk, α) Engine speed after n jobs releases following job Ji,k released at speed ωk with

constant acceleration α

Table 2.2: Main notation introduced in the system model.
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Chapter 3

Analysis under Fixed-Priority

Scheduling

In this chapter, we present an exact schedulability test (with respect to the adopted rotation source

model) for a mixed task set that includes both regular periodic/sporadic tasks and AVR tasks man-

aged under fixed-priority scheduling, which is also the scheduling policy mandated by the AUTOSAR

standard—today adopted by several automotive companies. The analysis considers applications running

on a uniprocessor system. As a consequence, it can also be adopted to verify the schedulability for

applications running on multiprocessor systems under partitioned fixed-priority scheduling.

The main purpose of the presented analysis is to explicitly take into account the physical constraints

of the rotation source during the characterization of the maximum computational demand generated

by AVR tasks. In this way, it is possible to precisely study mode-changes and job release patterns of

AVR tasks, thus enabling the derivation of a method for computing their exact temporal interference on

low-priority tasks.

The proposed analysis technique is based on approaching the computation of the interference as a

search problem in the speed domain, which is discussed and formalized in Section 3.1. Then, in Sec-

tion 3.2, we study the search space by identifying a set of pruning conditions. In particular, we note

that the problem can be solved by only considering a limited set of speeds (denoted as dominant speeds),

which allows computing the maximum response time of tasks by only considering some specific job se-

quences of high-priority AVR tasks. Based on these results, we design an algorithm to efficiently perform

response-time analysis, thus allowing the implementation of a schedulability test for the considered real-

time applications (Section 3.3). Finally, we report on an experimental study we conducted to compare

the proposed analysis against another sufficient analysis proposed by Davis et al. [8] in 2014 (Section 3.4).

3.1 Interference Computation as a Search Problem

Consider a job J0 of an AVR task τ∗ released at time t = 0 with speed ω0, as illustrated in Figure 3.1,

and suppose that the job executes for its WCET C(ω0). Since the engine is subject to an acceleration

α ∈ [α−, α+], there are infinite possible time instants for the next job release. The earliest possible

job release corresponds to the maximum acceleration α+ and would occur after T (ω0, α
+) time units,

whereas the latest job release corresponds to the maximum deceleration α−, occurring after T (ω0, α
−)

time units.

Depending on the instantaneous engine speed at its activation, the next job J1, can execute in different

modes with different WCETs. The function iω0
(t) reported in Figure 3.1 is denoted as single-job interfer-
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3.1. Interference Computation as a Search Problem

ence and represents the envelope of the interference contribution among all the possible subsequent jobs.

The instantaneous speed ω1 at the activation of J1 is constrained in the range [Ω(ω0, α
−),Ω(ω0, α

+)]

and its value depends on the engine acceleration during the inter-arrival time. The same reasoning re-

cursively applies to each job generated after J1, leading to a tree of possible job sequences as illustrated

in Figure 4.3.
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Figure 3.1: Possible activations after a job released at speed ω0. Different colors indicate different modes
of the AVR task. Constant acceleration between two consecutive jobs is assumed. The interference iω0

(t)
generated by the next job is also shown.

The computation of the interference of an AVR task can hence be seen as a search problem in the

speed domain, analyzing all possible job sequences in a given time window and the composition of the

corresponding single-job interferences. Considering that the speed domain is a continuum, the search tree

is infinite (i.e., it contains an infinite set of job sequences). This means that, if for instance a brute-force

approach is applied, a quantization on the speed domain is required to achieve a solution in a finite time.

In addition, the release of the first job must be considered for each instantaneous speed ω0 of the AVR

set, hence, the search algorithm has to be repeated for each possible speed ω0 ∈ [ωmin, ωmax] requiring

again a quantization and further complicating the problem.
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Figure 1: Search tree representing the possible job sequences for an AVR task.
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Figure 3.2: Search tree representing the possible job sequences for an AVR task.
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1: procedure Interference(ω,Π, t)
2: if t >MaxTime then return ;
3: end if
4: UpdateInterference(Π, t);
5: for ωnext = Ω(ω, α−) to Ω(ω, α+) step ∆ω do

6: Tnext ← T̃ (ω, ωnext);
7: Πnext ← Π + C(ωnext);
8: Interference(ωnext,Πnext, t+ Tnext);
9: end for

10: end procedure

Figure 3.3: Procedure for computing the interference of an AVR using brute-force on the search domain.

Figure 3.3 shows the pseudo code for a brute-force search of the tree using quantization. Assuming to

start from a job J0 released at speed ω0 at t = 0, the procedure is called as Interference(ω0, C(ω0), 0).

The MaxTime parameter represents the length of the time interval in which the interference has to be

computed. Each recursive instance of the Interference procedure represents a job activated at time

t with instantaneous speed ω and Π is the sum of all the computational request imposed by the previous

jobs. At each recursive step the algorithm

• terminates a branch when reaching the end of the time interval of interest (lines 3-4);

• keeps track of the computational request accumulated at time t via the sub-procedure UpdateIn-

terference (line 4);

• explores (with quantization) the speed domain allowed by acceleration bounds α− and α+ by

– computing inter-arrival time to the next job (lines 6);

– accumulating the overall computational request (line 7);

– recursively calling the function Interference to explore the sub-tree (line 5).

Besides providing only an approximate (and possibly unsafe) analysis due to quantization, this ap-

proach is very expensive in terms of computational complexity and intractable for most practical cases.

3.1.1 Formalization

Definition 1. A job sequence s for an AVR task τ∗ is composed of a sequence of consecutively released

jobs J0, . . . , Jns
, and a set of speeds {ω0, . . . , ωns

}, where each element ωk, k = 0, . . . , ns represents the

instantaneous engine speed at the activation of job Jk.

Definition 2. A job sequence s is valid if every two consecutive jobs are released at speeds that are

compatible with the acceleration range, i.e., ∀ωk, k = 1, . . . , ns, ωk ∈ [Ω(ωk−1, α
−),Ω(ωk−1, α

+)].

The interference of an AVR task is characterized by an infinite set of possible valid job sequences in

a given time window [0, t]. Let S(t) be such a set. Intuitively, each path in the search tree represents a

job sequence.

Each sequence s ∈ S(t) generates an interference I(s)(t), which is a function of ω0 and ωk, k =

1, . . . , ns, because it depends on the speed evolution pattern experienced by the AVR task. In general

I(s)(t) can be expressed as

I(s)(t) = C(ω0) +

ns∑

k=1

C(ωk) step


t−

k∑

j=1

T̃ (ωj−1, ωj)


 ,
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3.2. Reducing the Search Space

where

step(x) =





1 if x ≥ 0

0 if x < 0
.

Ideally, to cope with all possible speed evolution patterns, all the job sequences s ∈ S(t) have to

be considered to obtain a characterization of the interference. Clearly, this is not viable for practical

purposes. For this reason, we developed a technique (presented in the following sections) to drastically

reduce the number of job sequences that have to be explored, still guaranteeing an exact characterization

of the interference.

3.2 Reducing the Search Space

To cut redundant branches in the search tree, we note that for each job release after the critical instant,

only a finite set of critical job releases must be taken into account to derive the maximum interference.

In the following, we explain how to compute such critical job releases, and then derive a pruning method

for the search problem presented in the previous section. Before proceeding, it is necessary to introduce

the notion of single-job interference.

3.2.1 Single-job interference

To determine the potential interference generated by a single job Ja, it is required to consider all possible

releases of the next job Ja+1 compatible with the acceleration range [α−, α+].

Definition 3. Given a job Ja of an AVR task released at engine speed ωa at time ta, the single-job

interference iωa
(δ) of Ja is the maximum computational request generated by Ja and the next job Ja+1,

in the interval [ta, ta + δ], for all possible releases of Ja+1 at ta+1 = ta + δ.

As explained in Section 3.1, job releases depend on the engine dynamics, and the future release times

and modes of Ja+1 are constrained by the maximum/minimum acceleration of the engine. At time ta,

iωa
(0) = C(ωa) to account for the computational request of Ja. Considering the maximum acceleration

α+, it is easy to see that no job release can occur for δ ∈ [0, T (ωa, α
+)); therefore, in this interval

iωa
(δ) = C(ωa).

For T (ωa, α
+) ≤ δ ≤ T (ωa, α

−), a release of the next job Ja+1 is possible and must hence be

correspondingly considered by function iωa
(δ). The earliest possible release occurs in the case of max-

imum acceleration α+, while the latest one in the case of the maximum deceleration α−. Depending

on the engine dynamics, Ja+1 can belong to a number of different modes. The larger the accelera-

tion/deceleration range, the greater the number of possible modes. Being [Ω(ωa, α
−),Ω(ωa, α

+)] the

range of possible engine speeds at the release of Ja+1, such a job can be in any mode m′ such that

ωm
′ ∈ [Ω(ωa, α

−),Ω(ωa, α
+)].

Finally, for δ > T (ωa, α
−), no release of Ja+1 can occur; hence, iωa

(δ) = C(Ω(ωa, α
−)), which

corresponds to the computational request of the latest possible job release time. Overall, iωa
(δ) is a

non-decreasing step-wise function, where each step represents the release of a different mode m′.

Figure 3.4 shows an example of single-job interference assuming that the engine dynamics allows

releasing jobs of two different modes in acceleration, and one in deceleration.

Basing on the above definition, it is possible to derive a theorem that states a dominance condition

between the single-job interference of two jobs.
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iωa (δ)

Cm+Cm−1

2Cm

Cm+Cm+1

Cm+Cm+2

Cm

δ0 T (ωa, α+) T̃m+1 T̃m T̃m−1 T (ωa,α−)

0.1 AAAAA

[?]

1

Figure 3.4: Single-job interference of a job activated at time ta = 0 in mode m.

Theorem 1. Let Ja and Jb be two jobs released in mode m, and let ωa and ωb be the instantaneous

engine speeds at their respective release times. If ωa ≥ ωb and C(Ω(ωa, α
−)) = C(Ω(ωb, α

−)), then

∀δ ≥ 0, iωa(δ) ≥ iωb
(δ).

Proof. The proof is trivial for ωa = ωb, therefore in the following we assume ωa > ωb. Since, for a given

α, T (ω, α+) and T (ω, α−) are both monotonic decreasing functions in ω, we have:

(i) T (ωa, α
+) ≤ T (ωb, α

+);

(ii) T (ωa, α
−) ≤ T (ωb, α

−).

From (i) we can derive that iωa
(δ) = iωb

(δ) = Cm for δ < T (ωa, α
+). For T (ωa, α

+) ≤ δ < T (ωb, α
+) we

have iωb
(δ) = Cm (job releases after Jb cannot occur before T (ωb, α

+)), while iωa
(δ) is larger because

of the possible job releases following Ja. Hence, in the range T (ωa, α
+) ≤ δ < T (ωb, α

+), we have

iωa
(δ) > iωb

(δ).

For δ ≥ T (ωb, α
+) two scenarios are possible:

• T (ωb, α
+) ≤ T (ωa, α

−), i.e., the steps of the two single-job interference functions are overlapped

in time. Consider a fixed (but arbitrary) time instant δ in this range, which corresponds to

the inter-arrival time to the next jobs—namely Ja+1 and Jb+1, respectively. In this case, for

T (ωb, α
+) ≤ δ ≤ T (ωa, α

−), we have Ω̃(ωa, δ) < Ω̃(ωb, δ). Therefore, we note that job Ja+1

will always be released at an higher speed than Jb+1. As a result, being C(ω) non-increasing,

C(Ω̃(ωa, δ)) > C(Ω̃(ωb, δ)), hence iωa
(δ) ≥ iωb

(δ).

Finally, for δ > T (ωa, α
−), iωa

(δ) = C(Ω(ωa, α
−))+Cm. By hypothesis, we note that the maximum

computational request of Jb+1 is C(Ω(ωb, α
−)) = C(Ω(ωa, α

−)). Hence, iωa
(δ) ≥ iωb

(δ).

• T (ωb, α
+) > T (ωa, α

−), i.e., the two single-job interference function are non-overlapped in time.

This case follows analogously as the one discussed above for δ > T (ωa, α
−).

Having shown that iωa
(δ) ≥ iωb

(δ) in each possible time interval, the theorem follows.

Figure 3.5 shows a typical scenario in which Theorem 1 holds, related to the case T (ωb, α
+) ≤

T (ωa, α
−).
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0

Cm

iωa (δ)

iωb (δ)

δ
T (ωa, α+) T (ωb, α

+) T (ωa, α−) T (ωb, α
−)

0.1 AAAAA

[?]

1

Figure 3.5: Example of a scenario for applying Theorem 1.

3.2.2 Pruning conditions for the search space

Unfortunately, Theorem 1 is not sufficient to discard all the single-job interferences generated by the

jobs following a job Jb that is compliant with the theorem hypothesis.

For example, consider a generic job instance Jb for which the single-job interference is dominated

by the one of another job Ja. Since by hypothesis ωa ≥ ωb, a job Jb+1 immediately following Jb could

be released at a lower speed than the one of all possible jobs instances Ja+1 immediately following Ja.

As a consequence, by looking another step ahead, also jobs Jb+2 (immediately following Jb+1) can also

be released at speeds lower than all possible jobs instances Ja+2 (immediately following Ja+1). Since

function C(ω) can assume higher values for lower speeds ω, the single-job interference generated by Jb+1

can be higher than the one of all possible jobs Ja+1, even if Theorem 1 holds. A situation in which this

happens is illustrated in Figure 3.6.

Cm

iωa (δ)

iωa+1(δ − T (ωa, α−))

iωb (δ)

iωb+1(δ − T (ωb, α
−))

δ0
T (ωa, α−) T (ωb, α

−) t∗(ωa) t∗(ωb)

0.1 AAAAA

[?]

1

Figure 3.6: Example in which Theorem 1 is not sufficient to discard all the interferences generated by
the jobs following Jb. The function t∗(ω) in the graph is defined as t∗(ω) = T (ω, α−) +T (Ω(ω, α−), α−).

Formally speaking, the minimum speeds at which Ja+2 and Jb+2 can be respectively activated are

ωa+2 = Ω2(ωa, α
−) and ωb+2 = Ω2(ωb, α

−) with ωa+2 ≤ ωb+2. Therefore, since it can happen that
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C(ωb+2) > C(ωa+2), not all possible jobs Jb+2 can be pruned in favor of a possible instance of Ja+2.

This fact determines that Theorem 1 is not able to provide an effective pruning condition to recon-

struct the maximum interference by exploring a limited set of job sequences. What would be desirable to

our end is a pruning method that allows discarding an entire sub-tree during the search for the maximum

interference, i.e., all possible job sequences following a job Jb in favor of all possible sequences following

another job Ja. To this end, we note that Theorem 1 can be used as a basic building block to accomplish

an efficient pruning of the search space.

Before proceeding, it is convenient to introduce the notion of interference envelope.

Definition 4. The interference envelope Iω0(t) is the maximum interference produced by all possible

valid job sequences J0, . . . , Jn in the interval [0, t], with J0 released at time t = 0 and speed ω0.

Thanks to this definition it is possible to precisely define the objective of this section, that is finding

a method to discard a job Jb in favor or another job Ja (respectively released at speeds ωb and ωa) such

that ∀t ≥ 0, Iωa(t) ≥ Iωb
(t).

We begin by noting that, under particular conditions, the maximum interference generated by some

job sequences is dominated by an interference envelope.

Lemma 1. Consider an arbitrary (but valid) job sequence s = Jb, Jb+1, . . . , Jb+n. Let Ja and Jb be two

jobs released in mode m at time t = 0 and at speeds ωa and ωb (respectively), with ωa ≥ ωb. If job Jb+1

is released at a speed ωb+1 ∈ [Ω(ωa, α
−),Ω(ωa, α

+)], then ∀t ≥ 0, Iωa(t) ≥ I(s)(t).

Proof. Since ωb+1 ≥ Ω(ωa, α
−), then a job Ja+1 (immediately following Ja) can be also activated at

speed ωb+1. Let ta+1 = T̃ (ωa, ωb+1) be the inter-arrival time between Ja and Ja+1 if the latter job is

activated at speed ωb+1. Note that, ∀t ≥ 0, any valid job sequence starting with Ja and Ja+1 cannot

generate an interference higher than Cm + Iωb+1
(t − ta+1). Being such sequences valid job sequences

following Ja (released at speed ωa), it must also be that

∀t ≥ 0, Cm + Iωb+1
(t− ta+1) ≤ Iωa

(t).

Consider now the sequence s and let tb+1 = T̃ (ωb, ωb+1) be the inter-arrival time between jobs Jb

and Jb+1. Similarly as argued above, also the interference I(s)(t) generated by s can be bounded as

∀t ≥ 0, I(s)(t) ≤ Cm + Iwb+1
(t− tb+1).

Being ωa ≥ ωb, due to the monotonicity property of inter-arrival times (see Sections 2.2.1 and 2.3.1),

it follows that ta+1 ≤ tb+1, which implies

∀t ≥ 0, Iwb+1
(t− ta+1) ≥ Iwb+1

(t− tb+1).

Therefore, we have

∀t ≥ 0, Iωa(t) ≥ Cm + Iωb+1
(t− ta+1) ≥ Cm + Iwb+1

(t− tb+1) ≥ I(s)(t).

Hence the lemma follows.

With the above lemma in place, we are now ready to present a theorem that expresses a dominance

relationship between two interference envelopes.
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Theorem 2. Let Ja and Jb be two jobs released in mode m, and let ωa and ωb be the instantaneous engine

speeds at their respective release times. If ωa ≥ ωb and ∀n ∈ N≥0, C(Ωn(ωa, α
−)) = C(Ωn(ωb, α

−)), then

∀t ≥ 0, Iωa(t) ≥ Iωb
(t).

Proof. The proof is trivial for ωa = ωb, therefore in the following we assume ωa > ωb. The strategy

consists in demonstrating that, for any valid job sequence s that starts with Jb, there exists a valid

sequence s′ starting with Ja whose interference dominates the one of s. We proceed by constructing an

inductive argument on the number of jobs n ≥ 1 after Jb in s.

Base case (n = 1). Since ωa ≥ ωb, both Ja and Jb are released in the same mode m and

C(Ω(ωa, α
−)) = C(Ω(ωb, α

−)) holds, by Theorem 1 the dominance holds for job sequences that include

n = 1 job after Jb.

Inductive step (n > 1). Suppose that the theorem holds for all possible job sequences starting with

Jb except those that include more than n jobs after Jb and ∀k = 0, . . . , n, ωb+k < Ωk(ωa, α
−), where

ωb+k is the speed at the release of Jb+k. Let s = Jb, . . . , Jb+n, Jb+n+1 be one of such job sequences.

Consider also the job sequence s′ = Ja, . . . , Ja+n where each job Ja+k is released at speed Ωk(ωa, α
−).

Let ta+n and tb+n be the release times of Ja+n and Jb+n, respectively. Being all jobs in s released at

lower speeds than the ones in s′, due to the monotonicity property of inter-arrival times it must be that

tb+n > ta+n.

Since function C(ω) is non-decreasing and ∀n ∈ N≥0, C(Ωn(ωa, α
−)) = C(Ωn(ωb, α

−)) (by hypothesis),

every pair of jobs Ja+k and Jb+k, with k = 0, . . . , n, is released in the same mode. As a consequence,

the computational request accumulated up to times ta+n − ε and tb+n − ε by sequences s and s′ is the

same, say Π > 0 (with ε > 0 arbitrary small). That is, I(s)(tb+n − ε) = I(s′)(ta+n − ε) = Π.

For t ≥ tb+n, the interference I(s)(t) generated by s can be upper-bounded by exploiting the single-job

interference of Jb+n as follows

∀t ≥ tb+n, I(s)(t) ≤ Π + iωb+n
(t− tb+n).

Now, note that since C(Ωn+1(ωa, α
−)) = C(Ωn+1(ωb, α

−)), then also C(Ω(ωa+n, α
−)) = C(Ω(ωb+n, α

−)).

Therefore, Theorem 1 can be applied, which allows concluding that ∀δ ≥ 0, iωa+n
(δ) ≥ iωb+n

(δ). Thanks

to this, it is now possible to bound I(s)(t) as follows

∀t ≥ tb+n, I(s)(t) ≤ Π + iωb+n
(t− tb+n) ≤ Π + iωa+n

(t− tb+n) ≤ Π + iωa+n
(t− ta+n).

Since Π + iωa+n
(t− ta+n) copes with the interference generated by the (n+ 1)th job after Ja, and Ja

is released at speed ωa, it must also be that

∀t ≥ ta+n, Π + iωa+n
(t− ta+n) ≤ Iωa

(t).

As a consequence, being ta+n < tb+n, we can finally conclude that also ∀t ≥ tb+n, I
(s)(t) ≤ Iωa

(t)

holds.

By Lemma 1, the interference generated by all possible job sequences with Jb+n+1 released at speed

ωb+n+1 ≥ Ωn(ωa, α
−) (possible only if Ω(ωb+n+1, α

+) ≥ Ωn(ωa, α
−)) are dominated by Iωa+n

(t). There-

fore, the theorem holds for all possible job sequences starting with Jb except those that include more

than n+1 jobs after Jb with ∀k = 0, . . . , n+1, ωb+k < Ωk(ωa, α
−). Hence, the induction has to proceed

only for job sequences s under the latter conditions.

Since the interference generated by sequences s—with an arbitrary number n of jobs after Jb—is

dominated by the interference envelope Iωa(t), the theorem follows.
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When exploring the search tree, jobs are generally released at different times, which is not the case

considered in the hypothesis of the theorem above. A simple, but useful corollary of Theorem 2 can be

derived to cope with this scenario.

Corollary 1. Theorem 2 also holds if Jb is released later than Ja.

Proof. Let ta and tb be the respective release times of Ja and Jb. Without loss of generality assume

ta = 0. If Theorem 2 holds, then ∀t ≥ 0, Iωa
(t) ≥ Iωb

(t). Therefore, if tb > ta = 0, then also

∀t ≥ 0, Iωa
(t) ≥ Iωb

(t− tb) holds.

3.2.3 Dominant speeds and critical job sequences

Theorem 2 allows solving the search problem discussed in Section 3.1 by exploring a limited set of job

sequences. That is, during the search for the maximum interference, for every pair of jobs Ja and

Jb that satisfies the conditions of Theorem 2, job Jb can be discarded in favor of Ja. By extensively

applying this reasoning, it can be concluded that the maximum interference generated by an AVR task

can be computed by only taking into account a limited set of engine speeds, which will be referred to

as dominant speeds. The notion of dominants speeds allows computing the exact interference with a

contained complexity and avoiding quantization!

Several approaches can be adopted to compute such dominant speeds: indeed, a super set of dominant

speeds can be easily computed, e.g., by manually checking the conditions of Theorem 2 with a binary

search. A more accurate technique for computing dominant speeds will be presented in Section 3.2.4.

Using the notion of dominant speeds, it is also possible to define a critical job sequence for an AVR

task.

Definition 5. A critical job sequence for an AVR task τ∗ is a job sequence where each job is released

at a dominant speed.

The main property of the critical job sequences is that for each non-critical job sequence s′ there

exists a critical job sequence s whose interference dominates the one of s′. Formally, given CS(t) be the

set of the possible critical job sequences in the time window [0, t], we have that

∀s′ ∈ {S(t) \ CS(t)} ∃s ∈ CS(t) | ∀t′ ∈ [0, t] I(s)(t′) ≥ I(s′)(t′). (3.1)

Based on this result, the worst-case interference caused by an AVR task τ∗ will result from a sequence

of jobs belonging to one of the critical sequences.

3.2.4 Computing the dominant speeds

Dominant speeds in a given range [ωb, ωa] can be found by leveraging the result of Theorem 2 as follows.

Let ω∗ be highest speed less than ωa for which the condition of Theorem 2 does not hold. This means

that all the interference envelopes Iω(t) for speeds ω ∈ (ω∗, ωa] are dominated by Iωa
(t).

We note that such a speed ω∗ can be immediately found by inverting the conditions of Theorem 2.

That is, for each value of n (number of look ahead steps in the search tree), we compute the speed ω
(n)
a =

Ωn(ωa, α
−), and then the maximum speed ω∗,(n) < ω

(n)
a such that C(ω(n)

a ) 6= C(ω∗,(n)), corresponding to

the speed for which the theorem hypothesis are violated. Since function C(ω) is non-increasing, such a

speed ω∗,(n) can always be found1. Also note that speed ω∗,(n) has to be a switching speed for the AVR

task, being the first speed for an adjacent mode in deceleration.

1The only exception is related to speeds ω
(n)
a < ω1, i.e., lower than the first switching speed of the AVR task. In this

case, the dominance is automatically satisfied since it is not possible to violate the hypothesis C
(
ω
(n)
a

)
= C

(
ω∗,(n)

)
of

Theorem 2. In other words, it is not possible to have a mode change decelerating from speed ω
(n)
a .
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Given a value for n, it is possible to compute a candidate for speed ω∗, denoted as ω
(n)
C . Speed

ω
(n)
C can then be easily computed by using the inverted physical equation of Ωn(ω, α−), that is ω

(n)
C =

Ω−n(ω∗,(n), α−). Finally, since conditions of Theorem 2 has to be true ∀n ∈ N≥0, speed ω∗ is computed

as the maximum of all the candidates, that is, ω∗ = maxn∈N≥0
{ω(n)

C }. Such a speed is then stored as

a dominant speed. The same reasoning is applied starting from speed ω∗, until reaching the minimum

speed ωb of the considered interval. Being the speeds domain limited in the range [ωmin, ωmax], the

maximum value for n is bounded to max{n ∈ N≥0 | Ωn(ωa, α
−) ≥ ωmin}.

The technique for computing dominant speeds is summarized in the algorithm reported in Figure 3.7.

1: procedure getDominants(ωb, ωa)
2: ω∗ ← ωa;
3: while ω∗ > ωb do
4: dominants.add(ω∗);
5: maxN ← max{n ∈ N≥0 | Ωn(ω∗, α−) ≥ ωmin};
6: for i = 0 to maxN do
7: ω(i) = Ωi(ω∗, α−);
8: ω∗,(i) = maxm=1,...,M{ωm < ωi};
9: ω

(i)
C = Ω−i(ω∗,(i), α−);

10: end for
11: ω∗ = maxi=0,...,maxN{ω(i)

C };
12: end while
13: return dominants;
14: end procedure

Figure 3.7: Algorithm for computing the dominant speeds in a generic speed range [ωb, ωa].

An example of application of algorithm getDominants is illustrated in Figure 3.8.
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Figure 3.8: Example of the result produced by algorithm getDominants when applied to a range
of speeds [ωb, ωa]. The algorithm produces three dominant speeds: ωa, ω

D
1 and ωD2 . The interference
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1
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D
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2
(t) dominates the ones for speeds ω ∈ [ωb, ω

D
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3.2.5 Additional pruning

By leveraging another simple observation, it is possible to further reduce the jobs sequences that have

to be explored to compute the maximum interference.

Consider two jobs Ja and Jb simultaneously released in the same mode m and at dominant speeds ωa

and ωb, respectively, with ωa ≥ ωb. If Ω(ωa, α
−) < Ω(ωb, α

+), i.e., the interval of possible speeds at the

release of the next jobs Ja+1 and Jb+1 are overlapped, it may happen that there exists a dominant speed

ω∗ ∈ [Ω(ωa, α
−),Ω(ωb, α

+)] which is reachable by both ωa and ωb after one angular period of the AVR

task. A procedure that computes the interference by only relying on dominant speeds would consider

dominant speed ω∗ at least two times, both as a follower of ωa and ωb.
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However, we note that the maximum interference can be computed (without loosing accuracy) by

considering dominant speed ω∗ only as a follower of ωa. Let Ja+1 and Jb+1 respectively be the jobs

following Ja and Jb that are released at speed ω∗. Due to the physical nature of the inter-arrival times

between jobs, being ωa ≥ ωb, job Ja+1 will be released before job Jb+1. Since the same system state

(speed ω∗) can be reached earlier by Ja+1, and the computational demand of jobs Ja and Jb is the same

(as they are both released in the same mode), the job sequences following Jb+1 can be discarded in favor

of the exploration of the job sequences following Ja+1.

In other words, any job sequence following Jb+1 will never generate an interference higher than the

maximum interference generated by the job sequences following Ja+1.

Since, in the considered job sequences, dominant speed ω∗ is reachable as an immediate follower of

both ωa and ωb, and ωa ≥ ωb, then it follows that ω∗ ≥ Ω(ωa, α
−). Therefore, this additional pruning

condition follows directly by applying Lemma 1.

3.3 Exact Response-Time Analysis

In this section we derive a response time analysis for a mixed set of tasks that have constrained deadline

Di ≤ Ti. We first consider the case in which a single AVR task interferes on a periodic task set, and then

the opposite case in which a periodic task set creates interference on a single AVR task. The extension to

multiple AVR tasks activated by the same rotating source is addressed in Section 3.3.1 and Section 3.3.3.

This extension does not consider AVR tasks with different angular periods and phases: their analysis

determines several complications and is left as future work.

3.3.1 Response time of a periodic task interfered by an AVR task

We first derive the response time of a periodic task τi interfered by a set of regular periodic tasks and a

single AVR task τ∗, all having higher priority than τi. In the following, hp(i) denotes the set of periodic

tasks having higher priority than τi. To simplify the notation, the set CS is used as a shortcut for CS(Di),

denoting the set of critical job sequences in the interval [0, Di].

Given a particular job sequence s of τ∗, the response time of τi denoted as R
(s)
i , can be expressed as

R
(s)
i = min



t | Ci + I(s)(t) +

∑

j∈hp(τi)

⌈
t

Tj

⌉
Cj = t



 . (3.2)

Note that the response time R
(s)
i can also not exists, i.e., when the system is overloaded: to simplify

the presentation of the following results, we assume that the response time R
(s)
i is always implicitly

bounded by Di+1 for any job sequence s. Clearly, for the purpose of a schedulability test, this assumption

does impact the analysis.

The challenging part in the analysis is the computation of the interference I(s)(t) imposed by the

AVR task for all possible job sequences s. The following theorem demonstrates that the response time

of τi can be computed only considering the critical job sequences in the interval [0, Di].

Theorem 3. The response-time Ri of a periodic task τi interfered by an AVR task τ∗ is the maximum

response-time over all possible critical job sequences generated by τ∗, that is

Ri = max
s∈CS

R
(s)
i . (3.3)

Proof. Each critical job sequence s ∈ CS leads to an idle time after time R
(s)
i . By contradiction, suppose

that there exists a non-critical job sequence s′ /∈ CS such that R
(s′)
i > Ri; then, to avoid idle-time before
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3.3. Exact Response-Time Analysis

time Ri, it must be that ∀s ∈ CS, I(s′)(R
(s)
i ) > I(s)(R

(s)
i ). Hence, for each critical job sequence s, we

have a time instant at which the interference I(s) is dominated by the one of the non-critical job sequence

s′. This contradicts the main property of critical job sequences expressed by Equation (3.1), hence the

theorem follows.

In [9], the maximum over all the possible sequences s (leading to further branching in the computation

of the response time) was avoided by using the interference envelope I(t) for τ∗, defined as

I(t) = max
s∈CS

I(s)(t).

and computing a response time upper bound Ri as

Ri = min



t | Ci + I(t) +

∑

j∈hp(τi)

⌈
t

Tj

⌉
Cj = t



 .

However, as highlighted by Stigge and Yi [10,11] in the context of the digraph real-time task model, this

approach introduces a pessimism in the analysis, preventing the derivation of the exact response time.

In fact, the speed sequences that generate the critical job sequences s ∈ CS (the functions contributing

to the definition of I(t)) may be mutually exclusive. Thus, simply computing the maximum may lead

to a sequence of speeds that cannot occur in practice. In other words, by computing the interference

envelope we lose the information about the sequence of speeds that may generate the envelope.

To better clarify this point, consider we want to compute the response time of a period task τi

executing with an AVR task τ∗ having higher priority. Also, assume that the set CS(Di) is composed

of only two sequences, i.e., CS(Di) = {sa, sb}. Figure 3.9 shows the two interferences I(sa)(t) and

I(sb)(t) originated by the two job sequences sa and sb, respectively, and the corresponding interference

envelope I(t), computed as the maximum between I(sa)(t) and I(sb)(t). As clearly visible from the plots,

the envelope I(t) leads to a response time R much higher than those resulting from the two concrete

interferences (note that in the graph the response time is the time instant at which the computational

demand matches the processor supply). In other words, any concrete job sequence of τ∗ contributing to

I(t) generates an idle-time before R.
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Figure 3.9: Example in which the interference envelope leads to an over-estimated response-time.

In general, since the determination of the time at which the processor is idle cannot be computed

without a full knowledge of the higher priority task set, it is not possible to compute a priori the

interference of an AVR task. In other words, the maximum response-time Ri is originated from different
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Chapter 3. Analysis under Fixed-Priority Scheduling

sequences s ∈ CS depending on the interference of the higher priority tasks. Hence, contrary to classical

periodic tasks, to characterize the exact response-time it is not possible to abstract the interference of

τ∗ by using a single value of interference for each time instant t. The solution proposed in this paper

consists of computing the interference on the fly while the response time of τi is computed, exploring

the domain of the set CS.

Algorithm for Computing the Response Time

According to Theorem 3, to compute the response-time Ri, it is necessary to identify all possible critical

job sequences s ∈ CS and then compute the response-time R
(s)
i for each sequence s.

In this section, we present an algorithm to efficiently compute Ri by evaluating the critical job

sequences on-the-fly and only when needed, providing additional pruning in the search of the speed

space and significant speedup for the analysis. To implement the pruning, the algorithm leverages both

Theorem 2, which serves to identify dominant speeds, and the additional pruning method discussed in

Section 3.2.5, which allows discarding some dominant speeds in particular scenarios.

The proposed algorithm (reported in Figure 3.11) performs a visit of the speed tree with pruning,

using the concept of dominant speeds while at the same time discarding the job sequences that would

result in an idle time earlier than one of the candidate response times. The algorithm operates recursively

for increasing time values. At any point in time, the main function of the algorithm, ResponseTime,

computes the contribution to the interference of one additional job activation. ResponseTime is called

by passing

• the priority index i of the task for which the response time is computed (used to evaluate the

contribution to the interference from the set of periodic tasks);

• the current speed ω (at the time the job is activated);

• the current time t;

• the execution time requests Π (the contribution to the interference) accumulated up to time t; and

• a set E of speeds that have not to be considered (according to the pruning conditions discussed in

Section 3.2.5).

Note that the algorithm always terminates when current time t exceeds the deadline of task τi.
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Figure 3.10: Pruning and branching in the algorithm for computing the response time.

Each time ResponseTime is called, ω is one of the dominant speeds and t the candidate point in

time for the activation of a job released at speed ω.
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3.3. Exact Response-Time Analysis

First, given t, ω and Π, the algorithm computes the next possible idle time (an example is illustrated

in Figure 3.10), which corresponds to the tentative response-time of τi as if no other jobs of the AVR

task would be released. This can be computed via a standard fixed-point iteration starting from time t

and accounting for Π units of interference generated by the AVR task. Such a tentative response time is

also stored as candidate for the maximum response time of τi (line 7).

Subsequently, the procedure getDominants is used for computing the dominant speeds in the range

of possible instantaneous speed at the activation of the next job, that is [Ω(ω, α−),Ω(ω, α+)] (line 9).

Some of such dominants speeds can be discarded by looking at the set E (line 10). The overall set of

dominant speeds that have to be considered is stored into D.

Then, the algorithm proceeds by iterating over the dominant speeds into the set D in descending

order (line 4), each of these representing a possible branch explored by the algorithm. For each dominant

speed ωnext ∈ D, the algorithm computes the time Tnext after which the next job can be activated at

speed ωnext (line 12). If such a job can be activated after the idle time, then the corresponding branch

is discarded (such as the one released at speed ωp in Figure 3.10). Otherwise, if the job can be activated

before the idle time (such as the one released at speed ωd in Figure 3.10), then it is considered for the

next recursive call.

To leverage the pruning conditions discussed in Section 3.2.5, the algorithm keeps track of the dom-

inant speeds explored by the immediate following recursive branches. To this end, each recursive call

of the algorithm returns the set of dominant speeds that have been considered; such speeds are then

collected by the parent branch into the set Enext (lines 20-21). Since dominant speeds are explored in

descending order, the conditions of Lemma 1 can only be violated when the next job is released in a

mode different than the one previously considered for filling the set Enext. In this case, the algorithm

invalidates the set Enext (line 14), thus not enforcing the pruning conditions discussed in Section 3.2.5.

Figure 3.12 shows the algorithm to check the schedulability of τi using the procedure ResponseTime.

Procedure SchedulabilityTest starts by computing the initial dominant speeds in the full range

allowed for engine speeds, (i.e., [ωmin, ωmax]). Then, for each initial dominant speed ω0 we compute the

response-time candidates: since all the candidates represent response-time values related to possible job

sequences starting from ω0, the maximum R of such candidates is taken as response time for speed ω0.

If the response time R exceeds the deadline Di, then τi is not schedulable; otherwise, if R results lower

(or equal) than Di for each initial dominant speeds, then τi is schedulable.

Interference from Multiple AVR Tasks

In this section we extend the analysis by considering the possible interference from multiple AVR tasks

with the same rotating source of activation events (the case is significant when considering engine-control

application).

Since the set of jobs from the AVR tasks are activated exactly at the same time instant, the definition

of critical instant does not change. The intereference of the tasks in the AVR (higher priority) set can

be characterized as follows.

When computing the response time of a periodic task τi interfered by a set of AVR tasks hpA(τi) =

{τ∗0 , τ∗1 , . . . τ∗p } having the same angular period and phase (assumed as 0 for convenience), the interference

from the tasks in the AVR set is equivalent to the interference from a single task τ∗k constructed as follows.

Consider the union of the mode speeds of the AVR tasks and sort them from ωmax to ωmin. The

cardinality of the set gives the number of modes for τ∗k (at most the sum of the number of modes for

all the AVR tasks). Each mode m of τ∗k is defined by the corresponding speed range (ωm+1
k , ωmk ] and a
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1: global set RTCandidates
2: procedure ResponseTime(i, ω,Π, t, E)
3: if t > Di then return {};
4: end if
5:

6: idleTime ← getIdleTime(i, ω,Π, t);
7: RTCandidates.add(idleTime);
8:

9: D ← getDominants(Ω(ω, α−),Ω(ω, α+));
10: D ← D \ E ;
11:

12: Cprev = 0;
13: for each ωnext ∈ D in descending order do
14: if C(ωnext) 6= Cprev then
15: Enext = {};
16: end if
17: Tnext ← T̃ (ω, ωnext);
18: if t+ Tnext < idleTime then
19: Πnext ← Π + C(ωnext);
20: Dnext ← ResponseTime(i, ωnext,Πnext, t+ Tnext, Enext);
21: Enext = Enext ∪ Dnext;
22: Cprev = C(ωnext);
23: end if
24: end for
25: return D;
26: end procedure

Figure 3.11: Procedure for computing the response-time of a task τi interfered by an AVR task.

worst case execution time

Cmk (ω) =
∑

j∈hpA(τi)

Cj(ωmk ).

At this point, the approach presented in the previous section can be applied.

3.3.2 Response time of an AVR task interfered by periodic tasks

Let us now consider the response-time of an AVR task τ∗ interfered by periodic tasks (assuming there

are periodic tasks having higher priority than τ∗).

Since the response time of τ∗ depends on the instantaneous speed ω0 at which it is released, we have

R(ω0) = min



t | C(ω0) +

∑

i∈hp(τ∗)

⌈
t

Ti

⌉
Ci = t



 ,

where hp(τ∗) denotes the set of periodic tasks having higher priority than τ∗.

Now, the dependency on the speed ω0 can be removed by considering each mode of τ∗, so obtaining

a response-time value for each mode, that is

Rm = min



t | C

m +
∑

i∈hp(τ∗)

⌈
t

Ti

⌉
Ci = t



 ,

with m = 1, . . . ,M .

Finally, to check the schedulability of τ∗ we have to verify that Rm ≤ D(ωm) for each mode m =

1, . . . ,M .
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3.3. Exact Response-Time Analysis

1: global set RTCandidates
2: procedure SchedulabilityTest(i)
3: dominants ← getDominants(ωmin, ωmax);
4: MaxTime ← Di;
5: for ω0 in dominants do
6: RTCandidates ← {};
7: ResponseTime(i, ω0, 0, 0, {});
8: R←Max(RTCandidates);
9:

10: if R > Di then
11: return UNSCHEDULABLE;
12: end if
13: end for
14: return SCHEDULABLE;
15: end procedure

Figure 3.12: Procedure describing the schedulability test for a task τi.

3.3.3 Response time of an AVR task interfered by other AVR tasks

We now address the schedulability of an AVR task τ∗i interfered by both periodic tasks and multiple

AVR tasks having the same angular period of τ∗i . When multiple AVR tasks with the same angular

period are considered, only one job for each high-priority AVR task can produce interference, i.e., a

single computation time must be accounted for. We denote hpA(τ∗i ) as the set of AVR tasks having

higher priority than τ∗i .

As done in Section 3.3.2, the dependency from the speed ω0 ∈ [ωmin, ωmax] can be removed by

considering each mode m of τ∗i and computing the reponse time for each m. Once the mode of τ∗i is

selected, each higher priority AVR task τ∗j , j ∈ hpA(τ∗i ) may be in a finite set of modes mj,k, . . . , mj,n

such that the intersection of the speed ranges for m and any of the mj,p with k ≤ p ≤ n is not empty

(as shown in Figure 3.13). The possible interference of each higher priority AVR τ∗j only changes at

the boundary speeds of its modes. Hence, these are the only (finite) number of speeds that need to be

considered.
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Figure 3.13: Identifying the contributions of the higher priority AVR task modes to τ∗i .

Formally, for each mode m of τ∗i , the following conditions must be satisfied:

∀j ∈ hpA(τ∗i ) ∪ {i}
∀ωm′j ∈ (ωm+1

i , ωmi ] Rmi (ωm
′

j ) ≤ Di(ω
m′

j ).

where

Rmi (ω) = min



t | C

m
i +

∑

j∈hpA(τ∗i )

Cj(ω) +
∑

j∈hp(τ∗i )

⌈
t

Tj

⌉
Cj = t



 .
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3.4 Experimental Results

This section presents a set of experimental results aimed at comparing the exact schedulability analysis

presented in this paper with the sufficient ILP-based analysis for AVR tasks presented by Davis et

al. in [8]. Both schedulability tests have been implemented and applied to synthetic workloads for

comparison. The ILP-based formulation has been implemented using the IBM CPLEX solver, whereas

the proposed algorithm has been implemented as a MATLAB script. Tests have been executed on a

desktop PC with processor Intel i7 running at 3.5 GHz. A comparison with other existing analyses (e.g.,

those based on standard tasks with mode-change) is not reported in this section, as Davis et al. already

shown in [8] that their ILP-based test outperforms all the previously proposed approaches.

Since the ILP-based analysis of Davis et al. requires a quantization on the speed domain, a step of 100

RPM was adopted, as suggested by the authors. Our analysis discriminates 1 RPM in the computation

of the dominant speeds. It is also worth noting that the approach presented in [8] considers a slightly

different task model in which mode-change is triggered as a function of an estimation of the instantaneous

speed through the average speed in the previous inter-arrival time. The ILP formulation [8] leads to some

inconsistencies in the computation of the interference for low speed values: the problem has been fixed

by the authors in a technical report [12], taken as a reference for our comparison.

We assume a rotation source ranging from ωmin = 500 RPM to ωmax = 6500 RPM as typical

values for a production car engine. Similarly, values of acceleration have been selected [8] such that the

engine is able to reach the maximum speed starting from the minimum one in 35 revolutions, obtaining

α+ = −α− = 1.62 10−4 rev/msec2.

3.4.1 Workload generation

In our experiments we considered a task set composed of n periodic tasks and an AVR task. Given an

overall target utilization UP for the set of periodic tasks, each periodic tasks is generated as follows:

• The utilization Ui of each task τi is randomly generated using the UUniFast [13] algorithm such

that
∑n
i=1 Ui = UP . The minimum utilization of each periodic task is Umin = 0.005;

• Task periods Ti are randomly generated (with a uniform distribution) in the range [3, 100] msec;

• We considered implicit deadlines for each periodic task, i.e., Di = Ti;

• Computation times are computed as Ci = UiTi.

Observe that the case of multiple AVR tasks with a common activation source can be modeled as

a single AVR task (also called representative AVR) in which the definition of the modes, the speed

boundaries for the modes, and the execution time for each mode are defined as a combination of the

modes, boundary speeds and execution times of the tasks in the AVR set. For the purpose of our

experiments, we simply represent the single AVR task resulting from the composition of the set.

Given a target utilization U∗ for the representative AVR task, its parameters are generated as follows:

• Θ = 2π is the angular period (i.e., a task activation for each engine revolution);

• ∆ = Θ (implicit angular deadlines);

• The number of modes M has been randomly generated in the range [Mmin,Mmax]. The values

defining the range are parameters for the definition of the experimental set;

• A random mode m′ is selected to have the maximum utilization Um
′

= U∗. The utilization Um of

the other modes m 6= m′ are randomly generated in the range [0.85U∗, U∗];
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• The maximum speed ωm of each mode m < M is randomly generated in the range [1000, 6000]

RPM. The maximum speed for mode 1 is always set at the maximum speed ωmax. Once the

boundary speeds for the mode transitions are generated, they are checked to ensure a minimum

separation between any two values. If the minimum separation between any two speeds is below

3000/M RPM, then all speeds are discarded and the set is generated again;

• The computation time Cm of each mode m is defined as Cm = UmΘ/wm. If the generated

computation times are not monotonically increasing with respect to modes, then they are discarded,

and a new set is generated.

U = UP + U∗ is the overall utilization of the set of periodic and AVR tasks. Task priorities are

assigned according to the Rate Monotonic order (i.e., the lower the period the higher the priority),

where the period of the AVR task is considered as T ∗ = Θ/ωmax, that is, its lowest possible inter-arrival

time.

In the following experiments we denote as

• EXACT - The analysis presented in this chapter (in Section 3.3);

• ILP - The analysis proposed in [8] using the revised ILP constraints of [12].
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Figure 3.14: Schedulability ratio as a function of the system load U for ρu = 0.4.

3.4.2 Experiment 1

The first experiment was carried out to measure the schedulability ratio of the two analyses as a function

of the overall utilization U for task sets composed of n = 5 periodic tasks and an AVR task with

Mmin = 4 and Mmax = 8. The utilization of the AVR task was computed as U∗ = ρuU . For each value

of the utilization, the two schedulability tests were executed over 500 randomly generated task sets.

Figure 3.14 shows the results of this experiment when the utilization U varies from 0.3 to 0.95, and

for ρu = 0.4. Clearly, both the tests tend to degrade as the system load increases. In the range [0.7, 0.95]

the EXACT analysis improves the schedulability with respect to the ILP test, being able to admit 6

times more task sets for U = 0.9. Figure 3.15 shows the results of a similar experiment carried out for

ρu = 0.6, where the gain in schedulability of the EXACT test over ILP is 10 times more for U = 0.9.

Both figures also report the difference of the two schedulability ratios to better appreciate the results.

Note that the achieved improvement of the proposed analysis exactly occurs in the workload range

where these applications typical operate (80% utilization or higher).
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Figure 3.15: Schedulability ratio as a function of the system load U for ρu = 0.6.

3.4.3 Experiment 2

A second experiment was carried out to better evaluate the dependency of the schedulability ratio on

the utilization of the AVR task by varying the factor ρu = U∗/U from 0.05 to 0.95. For each value of

ρu, the two schedulability tests (EXACT and ILP) were executed over 500 randomly generated task sets

composed of n = 5 periodic tasks and an AVR task with Mmin = 4 and Mmax = 8.

The results of this experiment for U = 0.85 are reported in Figure 3.16. As visible from the plots,

the gain in schedulability of the EXACT test increases with ρu, until reaching a significant improvement

around ρu = 0.6. Notice that, for high values of the AVR utilization (ρu > 0.6) the ILP analysis shows

a saturation effect in the schedulability ratio, whereas the EXACT test is still able to admit 2-3 times

more task sets than ILP.
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Figure 3.16: Schedulability ratio as a function of ρu = U∗/U .

3.4.4 Experiment 3

In this experiment we measured the schedulability ratio of the two methods by varying the number of

modes M = Mmin = Mmax of the AVR task. The overall utilization of the task set is fixed to U = 0.85,

and the utilization of the AVR task is U∗ = 0.4U . For each value of M , 500 task sets have been randomly

generated including n = 5 periodic tasks.
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Figure 3.17 shows the results of this experiment, when M is varied from 3 to 12. Note that both

the tests decrease their performance as M increases, but the improvement of the EXACT test over ILP

increases with the number of modes M , or equivalently, with the number of AVR tasks, as observed at

the beginning of Section 3.4.1.
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Figure 3.17: Schedulability ratio as a function of the number of modes M for the AVR task, with
U = 0.85 and ρu = 0.4.

0.2 0.4 0.6 0.8 0.95
0

0.2

0.4

0.6

0.8

1

U

R
u
n
n
in

g
ti

m
e

(s
e
c
s)

(a) ρu = 0.4, n = 5, Mmin = Mmax = 5
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(b) ρu = 0.6, n = 5, Mmin = Mmax = 5
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(c) ρu = 0.4, U = 0.85, Mmin = Mmax = 5

2 4 6 8 10 12
0

2

4

M

R
u
n
n
in

g
ti

m
e

(s
e
c
s)

(d) ρu = 0.4, n = 5, U = 0.85

MAX AVG

Figure 3.18: Average and maximum running times (in seconds) of the EXACT analysis for an entire task
set. The results consider four representative configurations, which are reported in the captions above the
graphs. Insets (a) and (b) refer to Experiment 1, inset (c) refers to Experiment 2 and inset (d) refers to
Experiment 3.
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3.5 Running times

Another set of experiments has been carried out to measure the running time of the schedulability test

proposed in this chapter. For these experiments, a more efficient implementation in the C++ language

has been used. The implementation has been compiled with GCC 4.9.2 for Windows with all the

optimizations enabled (-O3 flag). The tests have been executed on a machine equipped with a quad-core

processor Intel i7 running at 3.5 GHz. The implementation is sequential (i.e., no parallelism has been

exploited).

The results for four representative configurations are reported in Figure 3.18: the parameters of

each configuration are reported in the captions above the graphs. The graphs show both maximum

and average running times of the analysis (for an entire task set) as a function of the utilization U , the

number of periodic tasks n and the number of modes M of the AVR task. Specifically, insets (a) and (b)

refer to Experiment 1, inset (c) refers to Experiment 2 and inset (d) refers to Experiment 3. For each

tested value of the parameter that has been varied, the schedulability test has been executed on 1000

randomly generated task sets.

As can be observed from the graphs, all the collected maximum running times are below 1 second for

the configurations of insets (a), (b) and (c). The maximum running times increase up to 4 seconds only

as a function of the number of modes (inset (d)): this happens because the number of dominant speeds

increases as the number of modes increases, thus also determining an increasing number of scenarios that

have to be considered for the analysis. However, pragmatically speaking, it is unlikely that real-world

designs of angular tasks include a large number of modes. Finally, note also that the average running

times are always very short and far from the maximum values for all the four configurations.

Overall, we can conclude that the running time of the proposed analysis is perfectly compatible

with the time-frame of offline design activities. Further improvements in terms of speed-up can also be

achieved with a carefully optimization of the implementation and/or by exploiting parallelism.

3.6 Summary of the chapter

This chapter presented an exact response-time analysis for task sets consisting of periodic/sporadic

tasks and AVR tasks with a common activation source, all managed under fixed-priority scheduling.

The analysis is based on the notion of dominant speeds, which allow to drastically restrict the scenarios

that have to be considered for computing the worst-case interference generated by AVR tasks. This

result allows a designer to precisely analyze the behavior of engine control applications in the temporal

domain, providing a method for predicting possible overload conditions that could jeopardize the system

performance. Experimental results show that the proposed approach always dominates the previous

sufficient tests, with significant improvements in terms of schedulability for high processor workloads (80%

utilization or higher), which represent the typical operating conditions of engine control applications.
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Chapter 4

Analysis under Earliest-Deadline

First Scheduling

In this chapter, we present an analysis for a mixed task set that includes both regular periodic/sporadic

tasks and AVR tasks managed under dynamic-priority scheduling, specifically, by using the earliest-

deadline first (EDF) algorithm. The analysis technique is similar to the one presented in Chapter 3 and

provides an exact result with respect to the adopted rotation source model and a particular deadline-

assignment policy (discussed in Section 4.1). Fundamental changes in the analysis algorithms have been

required with respect to the fixed-priority case.

The chapter is organized as follows. Section 4.1 introduces the dynamic-priority scheduling of AVR

tasks, illustrating the differences with respect to fixed-priority scheduling. Section 4.2 delineates the

analysis approach and Section 4.3 presents the proposed method for deriving a schedulability test. The

analysis is based on demand bound functions that are computed by solving a search problem in the speed

domain. Techniques for bounding the length of the analysis window (also known as deadline busy-period)

are also presented. Finally, Section 4.4 reports on an experimental study we conducted to evaluate the

schedulability gain achieved by the exact EDF test (proposed in this chapter) over the exact FP test

(presented in Chapter 3). In addition, to evaluate the average-case performance gain of EDF over FP

scheduling, simulation experiments carried out through a scheduling simulator are also presented.

4.1 Dynamic-priority scheduling of AVR tasks

When scheduling classical periodic tasks (with implicit deadlines) with a fixed-priority algorithm, the

rate-monotonic priority assignment, which assigns higher priority to tasks having higher rate, is known

to be optimal, thus maximizing the task set schedulability with respect to any other fixed-priority

assignment. In engine control applications, however, the rate-monotonic criterium makes little sense,

because engine-triggered tasks are, by definition, variable-rate tasks. For instance, consider a task set

composed of two periodic tasks, having respectively periods T1 = 20 ms and T2 = 50 ms, and an AVR

task having angular period Θ = 2π. A production car engine typically ranges from ωmin = 500 RPM

to ωmin = 6500 RPM, leading to an inter-arrival time of the AVR task ranging from Tmin ≈ 10 ms to

Tmax = 120 ms. Hence, for every fixed priority assignment, there are a set of engine speeds for which

the priority assignment is different from the optimal one determined by rate-monotonic. As an example,

consider the case in which the AVR task has the highest priority, followed by the two periodic tasks

in Rate-Monotonic order. In this case, when the engine speed is high (specifically, greater than 3000

RPM), the AVR task has an interarrival time lower than T1 = 20 ms and the priority order follows
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the rate-monotonic criterium. Conversely, at low speeds, the AVR task has an interarrival time greater

than T1, and possibly also greater than T2, making the priority assignment far from the one established

by Rate-Monotonic. The situation can be worse when considering more than one AVR task and other

periodic tasks.

For this reason, it is interesting to consider alternative priority assignment rules as a function of the

engine speed to support engine control tasks. EDF is a dynamic priority scheduling algorithm, known

to be optimal on uniprocessor systems [14]. Under EDF scheduling, an absolute deadline d must be

assigned to each job at its activation time t in order to be scheduled. For classical periodic tasks, the

absolute deadline can easily be computed by using their relative deadline D as d = t + D; however,

this is not the case for the jobs belonging to an AVR task. As explained in Section 2, an AVR task

has fixed angular parameters, which becomes variable temporal parameters depending on the rotation

source. Hence, the relative deadline of an AVR task is a variable parameter, which is a function of engine

state at the release of a job and the future evolution of the rotation source in terms of acceleration.

. . .. . .

0

0

τ∗

α+ α−

α = 0θ(t)

Θ

t

tT (ω, α+) T (ω, α−)

0.1 AAAAA

[?]

1

Figure 4.1: Possible deadlines of an AVR job activated at speed ω.

To better clarify this point, consider an AVR task τ∗ having implicit angular deadline (Θ = ∆)

released at time t when the rotation source has instantaneous speed ω(t) = ω0 and angular position θ(t) =

0, as reported in Figure 6.2. The relative deadline of τ∗ is therefore equal to the upcoming interarrival

time of the task, that is the time t′ at which the rotation source reaches the position θ(t′) = Θ. However,

the upcoming arrival-time is not known a priori, since it depends on the evolution that the rotation source

will have in the angular interval [0,Θ]. In particular, all possible values T (ω) ∈ [T (ω, α+), T (ω, α−)]

can be interarrival times to the next job, that are the ones in the range determined by the maximum

acceleration α+ and deceleration α− allowed for the rotation source. This reasoning brings to the

conclusion that computing the exact relative deadline of an upcoming job of an AVR task requires

clairvoyance, thus preventing the achievement of an optimal schedule with EDF.

Besides the identified issue, it is anyhow possible to achieve a safe schedule assigning each job the

earliest possible deadline among those compatible with the speed at its activation, that is, the one derived

assuming the maximum acceleration α+ from the task release on. Using such a rule, the relative deadline

of an AVR task τ∗i released at the instantaneous engine speed ω results

Di(ω) =

√
ω2 + 2∆iα+ − ω

α+
. (4.1)

The above equation is obtained as a special case of Equation (2.3). Please note that since EDF is

a job-level fixed-priority scheduling policy, such a deadline will be fixed for the whole execution of the

upcoming job.
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4.2. Worst-case workload as a search problem

4.2 Worst-case workload as a search problem

The schedulability analysis of a generic real-time workload under EDF scheduling can be performed by

the processor demand criterion [15], according to which a task set is schedulable by EDF if and only if its

computational demand in any time interval [t1, t2] does not exceed the available processor supply. The

computational demand of a real-time task in an interval of time [t1, t2] can be quantified by the demand

bound function (dbf), which expresses the maximum execution requirement of a task having both release

time and deadline in [t1, t2]. The cumulative workload on the processor can then be obtained by summing

the dbf of each task in the system. When no initial phases are provided for tasks (i.e., when it is possible

to have simultaneous releases for all tasks), an exact schedulability test can be achieved by considering

all tasks released simultaneously at time t = 0 and then apply the processor demand criterion for all

intervals [0, t], ∀t > 0. The release pattern at time t = 0 is denoted as the critical instant.

In the following, the concept of critical instant is generalized for task sets including an AVR task,

and the workload of an AVR task is computed in a given time window [0, t].

Since the rotation source triggering the release of AVR tasks is independent of the mechanism acti-

vating the other periodic (sporadic) tasks, it is always possible to have an instant of time at which the

release of the AVR task occurs simultaneously with the activation of all the other tasks. Unfortunately,

in the presence of an AVR task, there can be potentially infinite critical instants, one for each possible

instantaneous speed ω0 at which the AVR task is triggered when all the other tasks are simultaneously

released at t = 0. This occurs because, depending on the speed ω0, the AVR task generates a different

worst-case workload related to all possible speed evolution patterns starting from ω0.

To characterize the workload of an AVR task we introduce the following definitions.

Definition 6 (AVR job sequence). An AVR job sequence s is an ordered list of jobs J
(s)
0 , . . . , J

(s)
ns and

a corresponding list of speeds ω
(s)
0 , . . . , ω

(s)
ns , where each speed ω

(s)
i represents the instantaneous engine

speed at the activation of job J
(s)
i .

For each AVR job sequence s, the sequence of speeds ω
(s)
0 , . . . , ω

(s)
ns must be compatible with the

acceleration range allowed for the rotation source.

Let S(t) be the set of all possible job sequences in [0, t], which are those having the release of the

first job at time t = 0 and the deadline of the last job no later than time t. Please note that, being the

speed domain a continuum, the set S(t) is generally infinite.

Definition 7 (Single-Job Demand). Given a job J of an AVR task, released at relative time instant

λ = 0 with instantaneous speed ω, the demand of J (its workload contribution to the system) in a generic

interval [0, λ] is

sjdω(λ) = C(ω) step (λ−D(ω)) , (4.2)

where

step(x) =





1 if x ≥ 0

0 if x < 0
.

Note that the single-job demand is the smallest unit contributing to the workload of a job sequence

s, which can be expressed as the sum of the time-shifted computational demands of the jobs in the

sequence. We now introduce the concept of demand bound function dbf(s)(t) of an AVR job sequence

s ∈ S(t):

dbf(s)(t) =

ns∑

k=0

C(ω(s)
k ) step


t−

k∑

j=1

T̃ (ω
(s)
j−1, ω

(s)
j )−D(ω

(s)
k )


 (4.3)

An example of dbf(s)(t) function is reported in Figure 4.2 for a simple job sequence s composed of three
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jobs, released at speeds ω0, ω1 and ω2, respectively. Dashed arrows indicate the instantaneous speed at

the time instant corresponding to the job release.
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Figure 4.2: Example of dbf(s)(t) function for an AVR job sequence composed of three jobs.

Being all job sequences possible scenarios for the system, all of them must be taken into account to

analyze the feasibility of the system. For this purpose, the demand bound function dbf∗(t) of an AVR

task is defined as the maximum demand of all possible job sequences, that is:

dbf∗(t) = max
s∈S(t)

{
dbf(s)(t)

}
. (4.4)

Intuitively, function dbf∗(t) represents the envelope of the demand of all possible job sequences allowed

for the AVR task. Hence, the feasibility test for a system including an AVR task can be expressed as

follows:

∀t > 0,
∑

τi∈ΓP

dbfi(t) + dbf∗(t) ≤ t (4.5)

where dbfi(t) is the demand bound function of a classical periodic (sporadic) task, defined as

dbfi(t) =

(⌊
t−Di

Ti

⌋
+ 1

)
Ci. (4.6)

Unfortunately, computing dbf∗(t) through Equation (4.4) would require a maximum among an infinite

number of job sequences. The characterization of all possible job sequences can be seen as a search

problem in the speed domain; that is, given an initial speed ω0, we can collect all possible speeds ω1

following ω0 that are compatible with the acceleration range allowed for the rotation source. Then,

the same reasoning can be applied to speed ω1, leading to the definition of a search tree, schematically

illustrated in Figure 4.3.
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Figure 4.3: Search tree representing all possible job sequences.
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Such a search problem can be solved by brute-force applying quantization on the speed domain.

However, besides making the problem intractable for most practical cases, this approach will always

provide an approximated solution, resulting in an unsafe analysis.

The next section presents a technique to compute dbf∗(t) avoiding quantization on the speed domain,

thus significantly reducing the complexity of the search problem by enforcing dominance conditions.

4.3 Worst-Case workload of an AVR task

The goal of this section is to derive dominance conditions among job sequences, thus identifying pruning

rules for the search problem introduced in the previous section. Then, the algorithms for computing

function dbf∗(t) will be presented. The following theorem gives a dominance condition for a single-job

demand.

Theorem 4 (Single-job dominance condition). Let Ja and Jb be two jobs of an AVR task released at

relative time instant λ = 0 with speed ωa and ωb, respectively. If ωa ≥ ωb and C(ωa) = C(ωb), then

∀λ > 0, sjdωa
(λ) ≥ sjdωb

(λ).

Proof. The deadline of an AVR task is assigned as D(ω) = δT (ω, α+). Being T (ω, α+) a non-increasing

function of ω, we have that D(ωa) ≤ D(ωb). Hence, we can conclude that ∀λ ∈ [0, D(ωb)), sjdωa
(λ) ≥

sjdωb
(λ), being function sjdωb

(λ) = 0 for λ < D(ωb). For λ ≥ D(ωb), sjdωb
(λ) = C(ωb), while sjdωa

(λ) is

holding value C(ωa). Then, under the hypothesis C(ωa) = C(ωb), we have that ∀λ ≥ D(ωb), sjdωa
(λ) =

sjdωb
(λ). Hence the theorem follows.
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Figure 4.4: a) Example at which Theorem 4 applies, b) Example at which Theorem 4 does not apply.

To better clarify the result expressed by Theorem 4, Figure 4.4-a illustrates an example in which the

single-job dominance condition is satisfied, while Figure 4.4-b illustrates an example in which it is not.

Unfortunately, a dominance condition on a single-job demand is not enough to identify a pruning

rule for the addressed search problem. In fact, it could be that, besides having a dominance of Ja on Jb,

a set of jobs following Jb are not dominated by any job following Ja. In the search tree, this means that

the sub-tree of job sequences following Jb is not dominated by the one following Ja. To address this issue

in a more formal way, we identify a set of critical job sequences that allows computing dbf∗(t) without

involving the (infinite) set S(t).
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Definition 8 (Set of Critical Job-Sequences). The set CS(t) ⊆ S(t) of critical job sequences in [0, t] is

a set composed of job sequences such that, for each non-critical job sequence s′ /∈ CS(t) there exists a

critical job sequence s ∈ CS(t) whose demand bound function dominates the one of s′. That is,

∀s′ /∈ CS(t) ∃s ∈ CS(t) | ∀` ∈ [0, t] dbf(s)(`) ≥ dbf(s
′)(`).

Once CS(t) is identified, the demand bound function dbf∗(t) can be computed as

dbf∗(t) = max
s∈CS(t)

{
dbf(s)(t)

}
.

In the following we present a theorem expressing a dominance condition that allows computing the set

CS(t).

To simplify the presentation of the following results, we introduce the demand bound function for a

speed ω0, that is the envelope of the demand bound functions for all possible job sequences starting at

speed ω0 at relative time instant λ = 0. Formally,

dbfω0(λ) = max
s∈S(λ)

{
dbf(s)(λ) | ω(s)

0 = ω0

}
. (4.7)

Function dbfω0(λ) can be also recursively expressed by considering all possible speeds following ω0,

that are the ones in the range A(ω0) = [Ω(ω0, α
−),Ω(ω0, α

+)]. This can be achieved by splitting the

outer sum in Equation (4.3) in two terms, one considering the first job in the sequence (k = 0), and

another considering the remaining jobs (1 ≤ k ≤ ns). Assuming a sequence started at speed ω0, the first

term can be replaced by sjdω0
(λ), while the second can be treated as a family of sub-sequences starting

at speeds following ω0 defined by the set A(ω0). This reasoning leads to

dbfω0
(λ) = sjdω0

(λ) + max
ω′∈A(ω0)

{
dbfω′(λ− T̃ (ω0, ω

′))
}
. (4.8)

Theorem 5 (Dominance Condition). Let Ja and Jb be two jobs of an AVR task released at the relative

time instant λ = 0 with speed ωa and ωb, respectively. If ωa ≥ ωb and ∀n ≥ 0, n ∈ Z, such that

C(Ωn(ωa, α
−)) = C(Ωn(ωb, α

−)), then ∀λ > 0, dbfωa
(λ) ≥ dbfωb

(λ).

Proof. Note that this theorem is very similar to Theorem 2 presented in Chapter 3—indeed, it is actually

its extension for the analysis under EDF scheduling. The same proof strategy adopted for Theorem 2

can also be applied to this theorem. To avoid being verbose and repetitive, in the following we provide

a more concise (partially sketched) proof.

First of all, being C(ωa) = C(ωb) (n = 0) and ωa ≥ ωb, by Theorem 4 we can conclude that

sjdωa
(λ) ≥ sjdωb

(λ). Hence, the dominance of the first term in Equation (4.8) is satisfied. It remains to

show that the dominance condition is satisfied for each speed ω′ ∈ A(ωb) = [Ω(ωb, α
−),Ω(ωb, α

+)]. We

split the proof in two parts.

Part 1. Consider speeds ω′ ∈ [Ω(ωa, α
−),Ω(ωb, α

+)], reachable by both ωa and ωb. Exploring the

search tree from ωa, each speed ω′ originates a workload contribution described by function dbfω′(λ −
T̃ (ωa, ω

′)). Similarly, when each speed ω′ is reached from ωb, we have a workload contribution equal

to dbfω′(λ − T̃ (ωb, ω
′)). Being ωa ≥ ωb we have T̃ (ωb, ω

′) ≥ T̃ (ωa, ω
′), hence we can conclude that

dbfω′(λ− T̃ (ωa, ω
′)) ≥ dbfω′(λ− T̃ (ωb, ω

′), satisfying the dominance.

Part 2. Now consider the remaining speeds ω′ ∈ [Ω(ωb, α
−),Ω(ωa, α

−)), that are non reachable

from ωa. We start by looking at the first job following Ja and Jb, i.e., n = 1. Assume to look at

the instance of the Ja’s follower released at speed Ω(ωa, α
−): in this case, since we have the hypoth-

esis C(Ω(ωa, α
−)) = C(Ω(ωb, α

−)), Theorem 4 can be applied for each possible instance of the Jb’s
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follower released at speeds ω′ ∈ [Ω(ωb, α
−),Ω(ωa, α

−)). Again, the dominance of the first term in

Equation (4.8) is satisfied, but it remains to show the dominance for the following jobs (n > 1), con-

sidering the range A(ω′),∀ω′ ∈ [Ω(ωb, α
−),Ω(ωa, α

−)). Such a range can be split in two sub-ranges:

[Ω2(ωb, α
−),Ω2(ωa, α

−)] and (Ω2(ωa, α
−),Ω(Ω(ωa, α

−), α+)]. In the latter range there are speeds reach-

able from both Ja and Jb and we can apply the same considerations expressed in the first part of the

proof. For the former range, the same argument of Part 2 can be repeated for each n > 1, n ∈ Z, thus

obtaining the dominance condition. Hence, the theorem follows.

Theorem 5 allows identifying a limited set of speeds in the range [ωmin, ωmax] for which the dominance

condition holds. Such speeds are denoted as dominant speeds. As a consequence, set CS(t) can be

computed by identifying the critical job sequences such that each job in the sequence is released at

a dominant speed. Then, the approach proposed for computing the dbf∗(t) function of an AVR task

consists in visiting a search-tree (in the speed domain) with pruning. Such a pruning is performed

by exploiting the dominance condition stated in Theorem 5, which allows exploring the speed domain

considering only the critical job sequences.

Conceptually, given a job J0 released at speed ω0, the next job J1 can be activated in a range of

infinite possible times, released at speed ω1 ∈ [Ω(ω0, α
−),Ω(ω0, α

+)]. Each possible activation of J1

gives rise to a different job sequence started from speed ω0. As expressed by Equation (4.8), the worst-

case workload produced by all possible job sequences following J0 results as the maximum of an infinite

number of functions dbfω1
(t).

However, by applying Theorem 5 in the range [Ω(ω0, α
−),Ω(ω0, α

+)], it is possible to compute such

a maximum restricting to the dominant speeds in that range, thus also limiting the possible activations

of the subsequent job J2 following J1. This reasoning can be recursively applied for J2 and all possible

followers, so reducing the search domain to a discrete (finite) domain.

The next section provides the algorithms for computing the dominant speeds and the dbf∗(t) function.

4.3.1 Algorithms

By using the algorithm getDominants presented in Section 3.2.4, it is possible to explore the search

space through a finite number of (dominant) speeds, still achieving a correct characterization of the

worst-case workload. To explore the search space, we start by computing the set of dominant initial

speeds at the critical instant by executing getDominants(ωmin, ωmax). Then, for each dominant initial

speed ω0, we explore the job sequences started at ω0 limiting the search to the ones having all jobs

released at a dominant speed. This reasoning leads to the definition of a recursive procedure. Note that,

given a generic speed range [ωb, ωa], the derivation of dominant speeds results from: (i) a computation

that is a function of a switching speed of the AVR task (lines 8-9 in Figure 3.7); and (ii) the maximum

speed ωa in the considered interval (line 2 in Figure 3.7). Due to point (i), the same dominant speed

will be present in several speed ranges considered in the search problem. This enables taking advantage

of dynamic programming by storing functions dbfω∗(t) for each dominant speed ω∗.

Figure 4.5 reports the recursive algorithm we used to explore the search-tree starting from a generic

speed ω.

Each time Demand is called, t is the absolute release time of a job (released at speed ω) in a critical

job sequence. In the pseudocode reported for such an algorithm, dbfω refers to a data structure able

to represent and store a demand bound function. In addition, we assume the existence of a dynamic

programming table used to store the demand bound functions dbfω∗ for dominant speeds ω∗; such a

table is accessed by procedure storeDemand to store a new demand bound function at time t and by

getStoredDemand to retrieve a previously stored demand bound function. Function NotStored
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1: procedure Demand(ω, t)
2:

3: if t >MaxTime then
4: return NullDemand;
5: end if
6:

7: dbfω = sjdω;
8:

9: dominants ← getDominants(Ω(ω, α−),Ω(ω, α+));
10: for ωnext in dominants do
11: if notStored(ωnext, t) then

12: T next ← T̃ (ω, ωnext);
13: dbfωnext ← Demand(ωnext, t+ T next);
14: StoreDemand(ωnext, dbfωnext , t);
15: else
16: dbfωnext ← GetStoredDemand(ωnext, t);
17: end if
18: UpdateDemand(dbfω, dbfωnext , T next);
19: end for
20: return dbfω;
21: end procedure

Figure 4.5: Procedure for computing function dbfω(t) performing a visit of the search tree considering
only critical job sequences.

allows checking whether the demand bound function has been stored for a given speed and can be used

at time t.

At the beginning of the algorithm, dbfω is initialized with the single-job demand for a job released

at speed ω (line 7). Then, dominant speeds are computed in the range allowed for speeds following

ω (line 9). For each dominant speed ωnext, if the demand for such a speed has not been already

computed, the algorithm prepares for the next recursive call (lines 12-5), and then the demand for

speed ωnext is stored to exploit dynamic programming. Otherwise, if the demand for the dominant speed

has been already computed, then it is simply retrieved from the dynamic programming table. Finally, the

resulting demand bound function dbfω is updated including the contribution of function dbfωnext shifted

by T next time units (line 18). This is done by invoking procedure UpdateDemand, which computes

max{dbfω(t), dbfωnext(t− T next)}.

1: procedure ComputeDBF*()
2: dbf∗ = NullDemand;
3: initDominants ← getDominants(ωmin, ωmax);
4: for ω0 in initDominants do
5: dbfω0 ← Demand(ω0, 0);
6: UpdateDemand(dbf∗, dbfω0 , 0);
7: end for
8: return dbf∗;
9: end procedure

Figure 4.6: Main procedure for computing function dbf∗.

In conclusion, Algorithm Demand allows us to compute the overall demand bound function dbf∗(t)

for an AVR task. Figure 4.6 reports the procedure to compute dbf∗(t). Such a procedure computes all

the initial dominant speeds at the critical instant (t = 0) and then calls procedure Demand for each

of such speeds. Similar considerations made for algorithm Demand applies to explain the behavior of

Algorithm ComputeDBF*. Also in this case, we assume the existence of a data structure dbf∗ able to
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store a demand bound function.

Note that the algorithms can be further improved by integrating the same considerations made in

Section 3.2.5: please refer to Figure 3.11 as an example of the extensions that are required.

4.3.2 Upper-bound for the processor demand criterion

Equation (4.5) expresses an exact schedulability test for EDF scheduling, verifying that the processor is

not overloaded in every time window [0, t] following the critical instant. However, a bound L∗ on the

maximum time window length is needed to practically implement such a schedulability test.

In the context of EDF scheduling of periodic (sporadic) tasks, a linear upper-bound of the demand

bound function has been exploited to compute L∗. Following the results reported in [15], the overall

demand periodic (sporadic) task can be upper-bounded by:

∑

τi∈ΓP

dbfi(t) ≤
∑

τi∈ΓP

(Ti −Di)Ui + UP t.

Unfortunately, the demand bound function dbf∗(t) of an AVR task has not a closed form expression,

thus it is not easy to compute a linear upper-bound for it. To address this issue, we converted an AVR

task into a Digraph Real-Time (DRT) task [16]

and then applied the existing techniques for such task model to compute the upper-bound for dbf∗(t).

A DRT task τ is characterized by a directed graph G(τ) = (V, E), where V is the set of vertices of the

digraph and E is the set of edges connecting the vertices. Each vertex vi ∈ G(τ) represents a possible

type of job for τ and is characterized by an ordered pair < C(vi), D(vi) > representing the WCET and

deadline of the vertex, respectively. Each directed edge ei,j ∈ E connecting vertices vi to vj represents a

possible order of job releases and it is labeled with the minimum inter-arrival time for a job of vj after

a job of vi.

The underlying idea is that, following the results presented in the previous section, the worst-case

behavior of an AVR task can be expressed by considering only the dominant speeds. Given an AVR task

τ∗, the corresponding DRT task Dτ∗ is constructed as follows:

1. All the dominant speeds in the range [ωmin, ωmax] are computed by using the algorithm in Fig-

ure 3.7;

2. For each dominant speed ω∗ we construct a vertex in Dτ∗ having computation time C(ω∗) and

deadline D(ω∗);

3. For each vertex in Dτ∗ associated to dominant speed ω∗ we compute all dominant speeds ω′ in the

range [Ω(ω∗, α−),Ω(ω∗, α+)] (i.e., the range of speeds reachable with the acceleration allowed for

the rotation source). Then we provide an edge connecting the vertex associated to each dominant

speed ω′ reachable from ω∗ having inter-arrival time T̃ (ω∗, ω′).

Please note that the resulting digraph expressing Dτ∗ will be a strongly connected graph, where

each vertex can be reached from another (arbitrary) vertex. Moreover, each vertex includes a self-loop,

because the case of zero acceleration is always possible for the rotation source.

Zeng and Di Natale [17] proposed a method for computing a tight upper-bound for the demand bound

function of a DRT task: let X and U∞ the parameters describing such a linear upper-bound, such that:

dbf∗(t) ≤ X + U∞t.

Finally, the maximum time window length L∗ in which Equation (4.5) has to be checked can be computed

by summing the linear upper-bounds of both periodic tasks and the AVR task and equating them to t,
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Chapter 4. Analysis under Earliest-Deadline First Scheduling

so obtaining

L∗ =
X +

∑
τi∈ΓP (Ti −Di)Ui

1− (UP + U∞)
.

Considering that an AVR task can be expressed as a DRT task, we can exploit the result derived by

Stigge et al. [16] to claim that the feasibility of a task set consisting of periodic/sporadic tasks and an

AVR task can be decided in pseudo-polynomial time, if the total utilization U = UP +U∞ is not greater

than c, for some constant c < 1.

An alternative approach for computing the bound L∗ consists in determining the length of the largest

busy-period of the system, which can be computed by leveraging the response-time analysis presented

in Chapter 3.

4.4 Experimental results

This section presents two sets of experiments aimed at comparing FP and EDF scheduling for a system

consisting of periodic (sporadic) tasks and an AVR task. The first set of experiments compares the two

algorithms in terms of schedulability analysis, using for FP the exact test presented in [18] and for EDF

the test proposed in this paper. The second set of experiments aims at comparing the schedulability of

FP and EDF in the average case, making use of the RTSIM scheduling simulator [19], which has been

extended to deal with AVR tasks.

We assume a rotation source ranging from ωmin = 500 RPM to ωmax = 6500 RPM as typical

values for a production car engine. Similarly, unless differently specified, we selected the acceleration

range [8] such that the engine is able to reach the maximum speed starting from the minimum one in 35

revolutions, obtaining α+ = −α− = 1.62 10−4 rev/msec2.

4.4.1 Task sets generation

Given an overall target utilization UP for the set of periodic tasks, each periodic tasks is generated as

follows:

• The utilization Ui of each task τi is randomly generated using the UUniFast algorithm [13] imposing

that
∑n
i=1 Ui = UP . The minimum utilization of each periodic task is set at Umin = 0.005.

• Task periods Ti are randomly generated with a uniform distribution in the range [3, 100] ms; relative

deadlines are set equal to periods (i.e., Di = Ti).

• Computation times are computed as Ci = UiTi.

The parameters of the AVR task are generated as follows.

• The maximum task utilization is fixed at a UA, whose value depends on the specific experiment.

• The angular period is set at Θ = 2π; the angular deadline is set at ∆ = Θ.

• The number M of modes is randomly generated in a desired range [Mmin,Mmax], defined in the

specific experiment.

• A random mode m′ is selected to have the maximum utilization Um
′

= UA. The utilization Um of

the other modes m 6= m′ is randomly generated in the range [0.85UA, UA].

• The maximum speed ωm of each mode m < M is randomly generated in the range [1000, 6000]

RPM. The maximum speed for mode 1 is always set at the maximum speed ωmax. Once the

mode-transition speeds are generated, they are checked to ensure a minimum separation between
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any two values. If the actual separation is below 3000/M RPM, then all speeds are discarded and

the set is generated again.

• The computation time Cm of each mode m is set as Cm = UmΘ/wm. If the generated computation

times are not monotonically increasing with respect to the modes, they are discarded and the set

is generated again.

The variable U = UP + UA denotes the total utilization of the overall task set. We also define the

parameter ρu = UA/U , expressing the ratio of utilization resulting from the AVR task. When tasks are

scheduled by FP, task priorities are assigned according to the Rate Monotonic order (i.e., the lower the

period, the higher the priority), where the priority of the AVR task is assigned according to its lowest

possible inter-arrival time (Θ/ωmax).

4.4.2 Experiments on schedulability analysis

Both the schedulability tests (for FP and EDF) have been implemented in MATLAB and are able to

discriminate 1 RPM in the computation of the dominant speeds. Tests have been executed on a desktop

PC with processor Intel i7 running at 3.5 GHz. In all the reported experiments, both the schedulability

tests have been executed on 500 randomly generated task sets for each value of the varied parameter.

A first experiment has been carried out to compare the schedulability ratio of EDF and FP when

varying the overall utilization U from 0.3 to 0.95 with step 0.05. The results reported in Figure 4.7

were derived with ρu = 0.4, Mmin = 3 and Mmax = 5, whereas those in Figure 4.8 were derived

with ρu = 0.6, Mmin = 3 and Mmax = 5. A further run was performed by increasing the number of

modes, using ρu = 0.6, Mmin = 4 and Mmax = 8, and the results are shown in Figure 4.9. As evident

from the graphs, while EDF is able to schedule all the generated task sets, FP starts degrading for

utilizations values that are much lower than those observed in classical periodic task sets. Moreover,

such a degradation is more significant for higher values of ρu (compare Figure 4.7 with Figure 4.8) and

for higher numbers of modes of the AVR task (compare Figure 4.8 with Figure 4.9).
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Figure 4.7: Schedulability ratio as a function of U (by analysis).

A second experiment was carried out to better evaluate the dependency of the schedulability ratio on

the fraction of utilization ρu imposed by the AVR task. The results of this experiment are reported in

Figure 4.10 for U = 0.8, Mmin = 3 and Mmax = 5. Again, while EDF is able to schedule all the tested

task sets, the performance of FP scheduling significantly degrades for increasing values of ρu.

As discussed in the introduction, the sub-optimality of EDF when scheduling AVR tasks derives from

the fact that an optimal deadline assignment requires clairvoyance, predicting the future speed evolution

pattern of the rotation source. To be conservative, we assumed that each job of an AVR task is assigned
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Figure 4.8: Schedulability ratio as a function of U (by analysis).
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Figure 4.9: Schedulability ratio as a function of U (by analysis).

the earliest possible deadline, that is the one considering the maximum acceleration. The consequence of

this choice is that the analysis is safe, but the deadline assignment error increases with the acceleration

range. To show the dependency of this effect on the schedulability, we carried out an experiment where

we varied the acceleration range [α−, α+] by using the parameter α = α+ = −α−, holding U = 0.9,

ρu = 0.4, Mmin = 3 and Mmax = 5. The results of this experiment are reported in Figure 4.11.

As predicted, a marginal degradation of the EDF performance starts appearing for accelerations

higher than 10−3 rev/msec2. It is worth observing, however, that the results of this experiment have a

pure theoretical validity (at least for today’s cars), because the values of α at which EDF starts degrading

are far beyond the maximum acceleration of real car engines (about 2 · 10−3 rev/msec2). In this setting,

FP shows a even greater degradation in terms of schedulability ratio as α increases.

4.4.3 Experiments with the scheduling simulator

This section reports some additional experiments that have been carried out on the RTSIM scheduling

simulator [19] to evaluate the average-case performance of FP and EDF scheduling in the presence of

AVR tasks.

For each initial speed in the range [500, 6500] RPM, with step 500 RPM, the scheduling simulator

has been programmed to enforce a critical instant at time t = 0 and look at the resulting schedule up to

t = 5 seconds. We also imposed that all the generated jobs execute for their WCET. Each value plotted

in the graphs was obtained as the average over 1000 repetitions.

Figure 4.12 reports the results of a simulation executed with ρu = 0.4, Mmin = 3, Mmax = 5, to
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Figure 4.10: Schedulability ratio as a function of ρu (by analysis).
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Figure 4.11: Schedulability ratio as a function of α = α+ = −α− (by analysis).

monitor the schedulability ratio as a function of the overall utilization U . As it can be seen by comparing

with the corresponding Figure 4.7 (obtained under the same parameters), the simulation confirms the

same trends observed in the analysis.

Figure 4.13 is the analogous of Figure 4.10 and reports the schedulability ratio of EDF and FP as a

function of ρu, for U = 0.8, Mmin = 3, Mmax = 5. Again, the same trend is observed, although with a

less pronounced degradation of FP, due to the less critical conditions appearing in the simulation.

A final simulation experiment has been carried out to monitor the tardiness achieved by the two

algorithms during overload conditions (up to U = 1.5), while the other parameters were fixed at ρu = 0.4,

Mmin = 3, Mmax = 5. Note that the tardiness cannot be derived by the current EDF schedulability test.

In this experiment the periods of the periodic tasks were randomly generated in the range [10, 100], thus

resulting always greater than the minimum interarrival time of the AVR task, which is then scheduled at

the highest priority by FP. The results reported in Figure 4.14 show the tardiness achieved by the two

schedulers for the AVR task and the lowest priority periodic task.

The results show that, under FP, the AVR tardiness is kept equal to zero even for U = 1.5, because

the overload does not affect the AVR task (always scheduled at the highest priority), but only the

lower priority tasks (the tardiness of the lowest priority task is indicated by the FP-LP curve). On the

other hand, under EDF, the AVR tardiness increases with the overload, reaching a value higher than 60

times the deadline for utilizations greater than 1.4. This happens because EDF tends to automatically

distribute the exceeding workload to all the tasks [2], hence the lowest priority task (EDF-LP curve) is

not so penalized as in the case of FP scheduling.
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Figure 4.12: Schedulability ratio as a function of U (by RTSIM).
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Figure 4.13: Schedulability ratio as a function of ρu (by RTSIM).
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Figure 4.14: Tardiness as a function of the system load U (by RTSIM).

4.5 Summary of the chapter

This chapter presented an exact feasibility analysis under EDF scheduling for engine control applications

that include classic periodic tasks and AVR tasks. Similarly as the method proposed in Chapter 3, this

analysis is based on the notion of dominant speeds, which allow to drastically restrict the scenarios that

have to be considered for computing the worst-case workload generated by AVR tasks.

Extensive experiments have been carried out to compare the schedulability performance under both
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EDF and FP scheduling. The experiments confirmed (providing quantitative measures) that for this type

of applications, fixed-priority scheduling may not be the best choice, due to the large range in which

the inter-arrival time of an AVR task can vary. Under FP scheduling, this means that there are several

engine speeds at which any fixed priority assignment is far from being optimal, significantly penalizing

the system schedulability.

In particular, the experiments showed that while EDF is able to guarantee the schedulability of the

system up to high utilization values close to 95%, FP scheduling exhibits a significant degradation for

utilization values that are much lower than those observed in classical periodic scheduling.

Given the presented schedulability results, and considering that today EDF is actually available in a

few operating systems (e.g., Erika Enterprise [20], which is also OSEK-certified for automotive systems,

Linux, using the SCHED DEADLINE scheduling class [21], or the EDF plugin for OSEK/VDX proposed

in [22]), we believe that the use of dynamic scheduling in engine control applications would allow a better

exploitation of the computing platform, possibly turning into a higher control performance.
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Chapter 5

Simple, Linear-time Analysis under

EDF Scheduling

The analysis presented in the previous chapter allows the derivation of an exact schedulability test at the

cost of a pseudo-polynomial-time complexity, which is comparable to the one of the exact uniprocessor

EDF analysis based on the well-known processor-demand criterion [15]. In fact, the exact analysis may

require a relatively large time to execute, especially for an high number of tasks and high values of

processor utilization. Nonetheless, the exact analysis is also complex from the point of view of human

intuition.

Motivated by both the computational and the conceptual complexity of the exact test, in this chapter

we take another look at the analysis of AVR tasks, this time with a focus on simplicity.

It is well-known that, in the presence of implicit-deadline periodic/sporadic tasks, an exact schedu-

lability test for EDF scheduling can be achieved by simply testing that the sum of the utilizations of all

tasks does not exceed one. This test is very simple, very fast to execute (linear-time complexity) and

therefore useful for several practical purposes.

In order to design a schedulability analysis for engine-control applications that is similar to this test,

the objective of this chapter is to derive a safe utilization bound of AVR tasks under dynamic conditions—

i.e., coping with variation of the engine speed due to accelerations/decelerations, as it occurs in practice.

Once this bound is obtained, a mixed task set consisting of (i) a subset ΓP of classical implicit-

deadline periodic/sporadic tasks and (ii) a subset ΓA of AVR tasks, can be deemed schedulable under

EDF if

UP + UA ≤ 1 (5.1)

where UP is the utilization of ΓP and UA is the utilization bound of ΓA.

5.1 Utilization Bound of an AVR Task

When looking at steady-state conditions, i.e., assuming that the engine is rotating at a fixed speed ω,

the utilization of an AVR task τ∗i can be simply computed as the ratio between the WCET of τ∗i at

speed ω and the corresponding inter-arrival time Θi/ω, that is

ui(ω) =
Ci(ω)Θi

ω
. (5.2)

An example of function ui(ω) is illustrated in Figure 5.1 (solid line) for an example AVR tasks

with three modes. Begin all speeds ω ∈ [ωmin, ωmax] valid engine speeds, the maximum steady-state

51



5.1. Utilization Bound of an AVR Task

utilization can be computed as

Ui = max
ω∈[ωmin,ωmax]

{ui(ω)},

which, due to the monotonicity of function Ci(ω), can be computed in a closed-form as

Ui = max
m=1,...,Mi

{ui(ωm)}.
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Figure 5.1: Utilization bounds for an example AVR task with three modes {C1 = 1 ms, ω1 = ωmax =
6500 RPM},{C1 = 2 ms, ω2 = 3500 RPM} and {C3 = 3 ms, ω3 = 1500 RPM}.

However, when considering dynamic conditions, function ui(ω) does not provide a safe bound for

being used in an utilization-based schedulability test. In fact, accelerations of the engine can determine

an instantaneous utilization peak that his higher than the maximum value of function ui(ω) over the

entire range of speeds [ωmin, ωmax]. To understand this phenomenon, consider a job Ji,k of an AVR task

τ∗i released at an arbitrary speed ω. Such a job can executed for at most Ci(ω) time units. If, immediately

after the release of Ji,k, the engine accelerates with maximum acceleration α+ for an angular distance of

Θi degrees, then the inter-arrival time to the next job Ji,k+1 results Ti(ω, α
+) time units, which is clearly

higher than the inter-arrival time of Θi/ω time units in steady-state conditions. As a consequence, under

dynamic conditions, function ui(ω) does not provide a safe utilization bound.

To overcome this issue, a conservative bound can be easily obtained by considering the reduction of

the inter-arrival time due to the effect of the acceleration. This reasoning leads to the definition of a new

utilization bound, that is

u′i(ω) =
Ci(ω)

Ti(ω,α+)
. (5.3)

For any job J of τ∗i released at speed ω, function u′i(ω) provides a safe bound on the maximum

instantaneous processor load that J can generate.
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Similarly as argued above, the overall bound U ′i on the maximum utilization of τ∗i can be computed

as

U ′i = max
m=1,...,Mi

{u′i(ωm)}. (5.4)

This bound can be finally used to construct a safe schedulability test by simply computing

UA =
∑

τ∗i ∈ΓP

{U ′i} , (5.5)

which can then be used as an utilization bound in Equation (5.1).

It is worth observing that the bound U ′i allows deriving a sufficient analysis only. Intuitively, this

can be concluded with the following reasoning. Let m′ be the particular mode for which U ′i = u′i(ω
m′).

This means that the maximum instantaneous utilization of τ∗i is generated when the task releases a job

Jk at speed ωm
′

and, immediately after, the engine accelerates with maximum acceleration α+, thus

releasing the next job Jk+1 after T (ωm
′
, α+) time units. However, this scenario may not happen again

for the next job: Jk+1 is (by construction) released at a speed higher than ωm
′

but in a mode different

than m′ that must have WCET C ′′ < Ci(ω
m′) (being ωm

′
a switching speed), hence it is possible that

C ′′/T (Ω(ωm
′
, α+), α+) < U ′i . In other words, τ∗i may not be able to generate a computational load equal

to U ′i in the long run.

5.2 Utilization Bound of Multiple AVR Tasks Activated by the

Same Rotation Source

In this section we consider a a set of synchronous angular tasks with implicit angular deadlines (∀τ∗i ∈ ΓA,

Φi = 0 and δi = 1) that are activated by the same rotation source (i.e., the same crankshaft). Moreover,

as true in many engine control applications, we assume that each angular period Θi of the AVR tasks is

a submultiple of a full crankshaft revolution, that is Θi = 2π/k, for some positive integer k.

A possible way to safely analyze such AVR tasks is to compute the bound u′i(ω) for each task τ∗i ∈ ΓA

and then sum up all the utilization bound to obtain an overall bound UA. However, being the AVR tasks

not independent (as they are activated by the same rotation source), this approach can easily result in

a very pessimistic analysis. The following example illustrates this fact.

5.2.1 Example

Consider two AVR tasks τ∗1 and τ∗2 , both activated at the TDC (Φ1 = Φ2 = 0), with the same angular

period Θ1 = Θ2 = 2π and implicit angular deadlines (δi = 1). Each task implements two modes and

is triggered by the same rotation source. The task parameters are reported in Table 5.1. Note that

ω1
1 = ω1

2 , since the same rotation source has clearly the same maximum speed. For this example, we

consider a rotation source characterized by α+ = −α− = 1.62· 104 rev/ms2.

Cm
i (ms) ωm

i (RPM)

τ∗
1

mode 1 2 2500
mode 2 1 6500

τ∗
2

mode 1 3 3500
mode 2 0.5 6500

Table 5.1: Task parameters for the example.

According to the approach presented in Section 5.1, the maximum utilizations of the tasks, taking
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dynamic conditions into account, are

U ′1 = max
{
u′1(ω1

1), u′1(ω2
1)
}

= u′1(ω2
1) ≈ 0.1084

U ′2 = max
{
u′2(ω1

2), u′2(ω2
2)
}

= u′2(ω1
2) ≈ 0.179.

Hence, the total utilization of the AVR-task set would be UA = U ′1 + U ′2 ≈ 0.2874.

Note that the value of UA is originated by the maximum utilization of τ∗2 at speed ω1
2 = 3500 RPM,

plus the utilization of τ∗1 at speed ω2
1 = 6500 RPM. However, in practice, this scenario is actually

impossible, because both tasks are triggered by the same rotation.

5.2.2 Analysis

To analyze a set of angular tasks related to the same rotation source, we first consider the simple case of

tasks having the same angular period and then consider the general case of tasks with different periods.

First of all, observe that the variable ω in Equation (5.3) represents the instantaneous speed at the

activation time of τi. When all the AVR tasks have the same angular period, their activation always

occurs at the same time, and hence at the same instantaneous speed. As a consequence, their utilization

bounds can be added for each ω to obtain the overall task set utilization, so that

UA = max
ω∈[ωmin,ωmax]

{ ∑

τi∈ΓA

u′i(ω)

}
.

In the general case in which the AVR tasks have different angular periods, their activation may

occur at different rotation speeds due to engine acceleration or deceleration. For example, consider two

AVR tasks τA and τB with angular period ΘA = 2π and ΘB = π, respectively. While τA has only a

single activation per revolution of the rotation source, τB has two activations per revolution. If ω̂ is the

instantaneous speed at the TDC, it is clear that, while the first jobs of τA and τB are activated at the

same speed ω̂, the second job of τB can be released at different instantaneous speeds with respect to ω̂.

As a consequence, the overall processor load generated by τA and τB within a revolution can be higher

than u′A(ω̂) + u′B(ω̂).

To address this issue, we compute an upper-bound of the utilization of each AVR task within a full

revolution (θ = 2π), starting from the TDC at speed ω̂. A full revolution is also the angular hyperperiod

of the angular task set. Since Θi = 2π/k, for some positive integer k, all the AVR tasks are synchronously

activated at the TDC, which represents the angular critical instant of the task set, that is, the release

scenario leading to the maximum workload in every time window.

Due to engine acceleration/deceleration, a job activated between two consecutive TDCs can be char-

acterized by an interval of possible speeds at its activation. Such an interval increases with the angular

shift from the TDC. Figure 5.2 graphically illustrates the situation for an AVR task τA with ΘA = 2π

and a generic AVR task τi with Θi < 2π.

Since such an interval increases with the angle from the TDC, the largest speed interval associated

with τi is related to the last job activated during a revolution, that is the job activated at the angle

2π −Θi. The analytical expression of such a speed interval can be derived by computing the maximum

(resp., minimum) speed reachable from ω̂ under maximum acceleration (resp., deceleration) α in an

angular space θ, that is
√
ω̂2 + 2θα.

Therefore, the set of speeds reachable from ω̂ under acceleration α ∈ [0, α+] in an angular space

(2π −Θ) is

W+(ω̂,Θ) =
{
ω | ω ∈

[
ω̂,
√
ω̂2 + 2(2π −Θ)α+

]}
. (5.6)

54



Chapter 5. Simple, Linear-time Analysis under EDF Scheduling

θ

2π-Θi

ω

ω

ω̂
W+W−

0

uA(ω)

ui(ω)

0.1 AAAAA

[?]

1

Figure 5.2: Interval of possible speeds to be considered at the activation of a task with Θi < 2π.

Similarly, the set of speeds reachable in deceleration is given by:

W−(ω̂,Θ) =
{
ω | ω ∈

[√
ω̂2 + 2(2π −Θ)α−, ω̂

]}
. (5.7)

The full range of speeds reachable from ω̂ is then given by

W (ω̂,Θ) = W−(ω̂,Θ) ∪W+(ω̂,Θ). (5.8)

Note that, for AVR tasks that has angular period Θi = 2π, the set W (ω̂,Θ) reduces to a single value,

which is the instantaneous engine speed ω̂ at the TDC.

Interval W (ω̂,Θ) is used in the following theorem to derive an upper-bound of the utilization imposed

by an AVR task during a revolution.

Theorem 6. The utilization of an AVR task τi within a single revolution started at speed ω̂ is upper-

bounded by

ûi(ω̂) = max
ω∈W (ω̂,Θi)

u′i(ω). (5.9)

Proof. Let J1
i , . . . , J

ki
i be the jobs of τi in a revolution, with ki = 2π/Θi. Since we are considering

dynamic conditions, the utilization of each job J`i , ` = 1, . . . , ki (as an upper-bound of its workload) is

bounded by u′i(ω
(`)), where ω(`) is the instantaneous engine speed at the activation of job J`i . Note that,

since the absolute deadline of each J`i is always assigned based on the maximum acceleration from speed

ω(`), u′i(ω
(`)) has to be used for computing the utilization upper bound of J`i even when considering

decelerations.

Due to engine acceleration/deceleration, all possible values of instantaneous speeds ω(`), ` = 1, . . . , ki

are included in the set W (ω̂,Θi). Hence the overall processor load requested by all jobs J`i , ` = 1, . . . , ki

can be upper-bounded by the maximum utilization u′i(ω), with ω ∈W (ω̂,Θi).

Using Theorem 6, an upper-bound of the utilization in a full revolution can be computed by summing
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the contribution of each AVR task, that is:

Û(ω̂) =
∑

τ∗i ∈ΓA

ûi(ω̂). (5.10)

To cope with all possible scenarios determined by the different speeds ω̂, an upper-bound UA on the

total utilization of the set ΓA can be computed as:

UA = max
ω̂∈[ωmin,ωmax]

Û(ω̂). (5.11)

An example of function Û(ω̂) is illustrated in Figure 5.3, together with the corresponding utilization

bound UA.
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Figure 5.3: Example of function Û(ω̂) for set ΓA of three AVR tasks. The utilization bound is UA = 0.364
(dashed line).

5.2.3 Implementation

Despite providing an analytical expression for the utilization bound UA, Equation (5.11) does not allow

computing the bound in a closed-form, as it involves maximum operators over the continuous (i.e.,

infinite) domain of the engine speed.

However, by exploiting some properties of the equations introduced above, it is possible to derive a

closed-form expression for UA as follows. First of all, note that function u′i(ω) is step-wise monotone:

local maxima occur in correspondence of its discontinuities, which happen for values of ω equal to the

switching speeds of the considered AVR task. As a consequence, the maximum over a continuous set in

Equation (5.9) can be rewritten by looking at (i) the switching speeds into the interval W (ω̂,Θi) and
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(ii) the maximum speed of the same interval, that is
√
ω̂2 + 2(2π −Θi)α+, so obtaining

ûi(ω̂) = max
ω∈W (ω̂,Θi)

u′i(ω) = max

{
max

m=1,...,Mi

{u′i(ωmi ) | ωmi ∈W (ω̂,Θi)} , u′i
(√

ω̂2 + 2(2π −Θi)α+
)}

.

(5.12)

Second, also Equation (5.11) can be solved by considering a limited set of speeds, as expressed by

the following theorem.

Theorem 7. The expressions UA = maxω̂∈[ωmin,ωmax] Û(ω̂) and

UA = max
ω̂∈W

Û(ω̂), (5.13)

are equivalent, where

W =
⋃

τ∗i ∈ΓA





⋃

m=2,...,Mi

{√
(ωm)2 − 2(2π −Θi)α−

}


 ∪ {ω

max}. (5.14)

Proof. First note that the bound UA, as provided by Equation (5.11), is computed as the maximum of

the sum of functions ûi(ω̂) (for all AVR tasks) across all possible valid speeds ω̂. Hence, its value must

be originated by a particular speed ω̂′ for which at least one of the functions ûi(ω̂), for some AVR task

τ∗i , exhibits a local maximum in ω̂′.

Now, consider one arbitrary AVR task τ∗i ∈ ΓA. By studying its corresponding function ûi(ω̂),

it is possible to observe that it includes plateaus of local maxima for values in the neighborhood of

speeds ω̂ that correspond to the switching speeds of τ∗i . After each plateau, the function exhibits a

discontinuity. Consider one of such plateaus and let [ω̂p, ω̂p+1] the interval of speeds for which it occurs.

Since functions ûj(ω̂),∀τ∗j ∈ ΓA are also piece-wise non-decreasing, when added together, the value of

Û(ω̂) for increasing speeds ω̂ ∈ [ω̂p, ω̂p+1] can either (i) increase (or remain stable) or (ii) immediately

decrease in correspondence of a discontinuity of some function ûj(ω̂) (for some AVR task τ∗j ). In case

(i), speed ω̂p+1 is a candidate value for UA, while in case (ii) the maximum speeds in plateaus of some

other functions ûj(ω̂) originate local maxima for Û(ω̂).

Therefore, the maximum value of Û(ω̂) must occur for a speed ω̂′ that is the upper-bound of one

interval of speeds for which some function ûj(ω̂) exhibits a plateau.

By looking at Equations (5.8) and (5.7), it is possible to observe that each plateau occurs until reaching

particular speeds ω̂′ such that minW (ω̂′,Θi) = ωmi for some mode m = 1, . . . ,Mi. By expanding the

latter equation, we have

minW (ω̂′,Θi) =
√
ω̂′2 + 2(2π −Θi)α− = ωmi ,

which gives

ω̂′ =
√

(ωm)2 − 2(2π −Θi)α−.

As a consequence, the union of such speeds ω̂′ over all tasks τ∗i ∈ ΓA and over all their corresponding

modes m = 1, . . . ,Mi, gives the set of speeds to check for finding the maximum value of Û(ω̂), as

expressed by the set W in Equation (5.14). Hence the theorem follows.

Basing on Theorem 7 and Equation (5.12), we can conclude that Equation (5.13) provides a closed-

form expression for computing the utilization bound UA.
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5.3 Experimental Results

This section presents a set of experimental results aimed at comparing the schedulability performance

of the various utilization bounds presented in this chapter.

Systems with a single rotation source (one engine) have been considered. The speed of the rotation

source is assumed to be limited between ωmin = 500 RPM and ωmax = 6500 RPM (typical values for a

production car engine). The acceleration bounds have been selected as in Section 3.4.

The following four analysis approaches have been evaluated:

• the utilization bound provided by Equation (5.5);

• the utilization bound provided by Equation (5.13);

• the maximum utilization in steady-state conditions, i.e., maxω{
∑
τ∗i ∈ΓP

{ui(ω)}}, which is denoted

as steady-state; and

• as a baseline for comparison, the transformation of each AVR task into a sporadic task, which

is performed by taking the maximum WCET (last mode) and the minimum inter-arrival time

(maximum engine speed). This is approach is denoted as sporadic.

It is worth repeating that the steady-state analysis approach provides an unsafe schedulability test.

5.3.1 Workload generation

We considered task sets composed of n periodic/sporadic tasks and three AVR tasks. The AVR tasks

are respectively activated one, two and four times per crankshaft revolution. All the three AVR tasks

are activated at the TDC, so that they have no angular phases and angular periods 2π, π and π/2,

respectively.

As a design choice of the workload generator, we required the presence of a parameter that controls

the system load. Unfortunately, we found difficult generating a set of AVR tasks that do not exceed a

given value of processor utilization. This is because the actual processor load generated by AVR tasks

depends in a non-trivial manner on the speed ranges of their modes—specifically, on how they overlap

in the speed domain—and the acceleration bounds.

To overcome this issue in generating the task sets, we introduce the notion of synthetic utilization,

which will be denoted with U synth. Formally, the synthetic utilization is defined as follows:

U synth = UP +
∑

τ∗i ∈ΓA

max
ω∈[ωmin,ωmax]

{Ui(ω)},

where UP is the utilization of the periodic/sporadic tasks. As can be noted from its analytical

definition, the synthetic utilization copes with the maximum steady-state load that the AVR tasks can

generate as if they would be triggered by independent rotation sources.

This artificial parameter has two properties that favored its application. First, it provides an intuitive

“knob” for varying the system load: the higher the value the higher the actual maximum system utiliza-

tion. Second, it simplifies the task set generation, as each AVR task can be independently generated.

A parameter ρu ∈ [0, 1] has also been used to control the percentage of synthetic utilization reserved to

AVR tasks. The periodic/sporadic tasks are generated as in Section 3.4.1 so that their overall utilization

resulted UP = (1− ρu) · U synth.

The remaining portion of synthetic utilization (equal to ρu ·U synth) has been divided between the AVR

tasks by applying the UUnifast [13] algorithm (which guarantees an uniform distribution), so obtaining

the synthetic utilization U synth
i of each AVR task. Then, each AVR task τ∗i has been generated as follows:
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• The number of modes M has been randomly generated in the range [Mmin,Mmax]. The values

defining the range are parameters for the definition of the experimental set.

• A random mode m′ is selected to have the maximum utilization ui(ω
m′) = U synth

i . The utilization

Um of the other modes m 6= m′ are randomly generated in the range [σu · U synth
i , U synth

i ].

• The maximum speed ωm of each mode m < M is randomly generated in the range [1000, 6000]

RPM. The maximum speed for mode 1 is always set at the maximum speed ωmax. A minimum

separation 3000/M RPM between any two switching speeds has been enforced.

• The WCET Cm of each mode m is defined as Cm = Um · (Θ/wm). Monotonicity of the WCETs

has been enforced.

5.3.2 Experiments

A first experiment has been carried out to measure the schedulability ratio of the considered analysis

approaches as a function of the overall synthetic utilization U synth. The experiments considered task

sets composed of n = 5 periodic tasks and AVR tasks with Mmin = Mmax = 5 modes generated with

σu = 0.5. The synthetic utilization has been varied from 0.3 to 1.4 with step 0.025 and for each value

1000 task sets have been tested.

Figure 5.4 reports the results for ρu = 0.4 while Figure 5.5 reports the results for ρu = 0.6. As can

be noted from the graphs, the utilization bound of Equation (5.13) provides significant benefits for high

values of synthetic utilization, which correspond to scenarios in which the system has also a high actual

load. It is worth observing that, since the utilization bound of Equation (5.5) treats AVR tasks as being

independent, it cannot guarantee task sets with U synth > 1. Conversely, Equation (5.13) is able to exploit

the fact that the AVR tasks are activated by the same rotation source, thus achieving a much accurate

characterization of the system load as a function of the engine speed. In fact, it allows accepting task

sets with values of synthetic utilization up to about 1.15.

Note also that, in both the graphs, the transformation of AVR tasks to sporadic tasks leads to

extremely poor performance, while the analysis in steady-state conditions can result very optimistic,

especially for high values of U synth.
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Figure 5.4: Schedulability ratio as a function of the synthetic utilization U synth for ρu = 0.4.

A second experiment has been carried out to investigate on the dependency of the schedulability ratio

on the processor load determined by AVR tasks, which has been controlled by varying the parameter

ρu from 0.05 to 0.95 with step 0.05. For each value of ρu, 1000 task sets have been tested. The other
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Figure 5.5: Schedulability ratio as a function of the synthetic utilization U synth for ρu = 0.6.

parameters have been configured as in the first experiment. The results for task sets with U synth = 0.95

are reported in Figure 5.6. As clear for the graph, both the utilization bounds of Equation 5.5 and

Equation (5.13) tend to show lower performance as ρu increases. However, the latter one is always

performing best with a performance gap up to about 40% for ρu > 0.8. Note also that the analysis

in steady-state conditions accepted all the tested task sets, thus its optimism increases as ρu increases.

Finally, it is worth observing that in this configuration the transformation of AVR tasks to sporadic

tasks resulted completely ineffective.
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Figure 5.6: Schedulability ratio as a function of ρu for U synth = 0.95.

A similar trend has been observed by varying the number of modes M = Mmin = Mmax from 3

to 12. The results for U synth = 0.95 and ρu = 0.4 are reported in Figure 5.7. Similarly, by adopting

a variable range for the number of modes (i.e., Mmin < Mmax), no significant differences have been

observed in the experiments above.
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Figure 5.7: Schedulability ratio as a function of the number of modes M for U synth = 0.95 and ρu = 0.4.

Finally, another experiment has been carried out to evaluate the dependency of the schedulability

ratio on the parameter σu. The experimental results for task sets with U synth = 0.95 and ρu = 0.4

are reported in Figure 5.8. The parameter σu, which controls the variability among the steady-state

utilization of the modes of AVR tasks, has been varied from 0.2 to 1.0 with step 0.05. For each value,

2000 task sets have been tested. Task sets have been generated with Mmin = Mmax = 5.

As emerges from the graph, the performance gap between the utilization bounds of Equation 5.5 and

Equation (5.13) is not affected by the parameter σu. However, the performance of both the bounds tends

to decrease as σu increases for values higher than 0.6.
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Figure 5.8: Schedulability ratio as a function of σu for U synth = 0.95 and ρu = 0.4.

5.4 Summary of the chapter

This chapter presented simple, linear-time schedulability tests for engine control applications under EDF

scheduling. The tests are based on utilization factors that have been obtained by integrating physical

constraints in the derivation of upper-bounds on the workload generated by AVR tasks. The bounds have

been first presented as a function of a continuous speed domain; then, closed-form expressions have been

provided to actually implement efficient schedulability tests. Experimental results have been presented

to assess the performance of the proposed tests, which confirmed their effectiveness even at high values

of processor utilization.
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Chapter 6

Taking Speed Estimation into

Account

In the analysis methods presented in Chapters 3, 4 and 5 it is assumed that the system can have a precise

knowledge of the instantaneous engine speed at any instant. In practice, however, the instantaneous

engine speed is generally not known at run-time and can only be estimated by various techniques, which

hence introduce an error with respect to the ideal case of perfect knowledge. According to our records,

the only work in which the analysis is based on a speed estimator is the one by Davis et al. [8]. In their

work, the engine speed at the task activation time is estimated as the ratio of the angular period of the

AVR task and its last inter-arrival time. The analysis is tailored to that specific estimator.

Considering the importance of such an aspect, the goal of this chapter is to present a general approach

for including a speed estimator in the schedulability analysis of engine control applications and char-

acterize the corresponding error introduced by the estimation (Section 6.1). Two examples of common

speed estimators are also studied and analyzed: the first one computes the average engine speed over a

fixed crankshaft angular interval, whereas the second one computes the average speed over a fixed time

interval (Section 6.2). Finally, the presented estimators are characterized through a numerical evaluation

and a set of experiments aimed at evaluating their impact on the system schedulability (Section 8.5).

6.1 Integrating speed estimation in schedulability analysis

Function Ci(ω), introduced in the model presented in Section 2.1, describes the WCET of the AVR task

τ∗i as a function of the instantaneous speed ω at its release. Whenever such a speed is not known for

any time instant, an estimate must be produced by a proper estimation algorithm. More specifically,

suppose that an AVR task τ∗i is released at time t and let ω̃ be the speed estimate available in the system

at time t. Then, the upcoming job of τ∗i is released in a mode that could be different than the mode

that would have been activated at speed ω. If not properly handled, this phenomenon could result in an

unsafe system analysis.

To abstract from specific estimation algorithms, we introduce the following simple but very general

model.

Speed Estimator Model. We assume that a speed estimator is characterized by two functions E+
i (ω̃)

and E−i (ω̃), providing the maximum and minimum instantaneous speed of the rotation source for a

given speed estimate ω̃ at the activation of task τ∗i . This model abstracts from the specific estimation

technique. Matching equations for E+
i (ω̃) and E−i (ω̃) will be derived in the next sections for two simple

and common speed estimators.
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To cope with the error introduced by speed estimators, this chapter proposes a task set transformation

such that the existing analysis methods can be applied as they are to obtain a safe schedulability test.

The underlying idea is to replace each AVR task τ∗i with another AVR task τi
′∗, whose WCET C ′i(ω)

accounts for the maximum WCET of the jobs that can be released at all possible speed estimates that

are allowed at speed ω. Note that the task set transformation is only applied for the analysis, not in the

real system implementation.

Task set transformation. The proposed transformation replaces each AVR task τ∗i with a new AVR

task τi
′∗, such that

C ′i(ω) = max
{
Ci(ω̃) | ω ∈ [E−i (ω̃), E+

i (ω̃)]
}
. (6.1)

Being Ci(ω) a piece-wise constant non increasing function, the transformation can easily be imple-

mented by increasing the maximum switching speed ωmi of each mode m. This can be obtained by

computing

ωi
′m = E+

i (ωmi ),

for each mode m = 2, 3, . . . ,M . Note that mode m = 1 is excluded from this computation because it is

not possible to overestimate the maximum speed ωmax of the rotation source.

By construction, given an arbitrary instantaneous speed ω, each AVR task τi
′∗ (obtained with the

proposed transformation) releases a job having a WCET that is greater than or equal to every possible

job released by the original AVR task τ∗i . Due to the sustainability of uniprocessor fixed-priority and

EDF scheduling [23], this property determines that applying existing analyses on τi
′∗ will result in a safe

schedulability test.

6.2 Two speed estimators

This section analyzes two simple and common speed estimators based on the computation of the average

speed of the rotation source, defined as the ratio of a space interval over a time interval:

• angular estimator, it computes the average speed by measuring the time needed by the rotation

source to cover a fixed angular distance ΘE ;

• periodic estimator, it computes the average speed by sampling the rotation source angle every fixed

periodic interval TE .

6.2.1 Angular estimator

This estimator measures the time T needed by the rotation source to cover a fixed angular distance ΘE

and then computes the average speed as ω̃ = ΘE

T .

A possible implementation of the angular estimator is reported in Figure 6.1. In this example ΘE = π

and it is assumed that an interrupt service routine (ISR) is executed everytime the crankshaft angle

becomes 0 or 180 degrees. The last time instant at which the ISR is activated is stored in a global variable

lastTime. The ISR computes the time T needed to cover the angular distance ΘE as the difference

between the current time and the one stored in lastTime. Then, it updates the speed estimation as

ω̃ = ΘE

T and the value of lastTime.

This estimator is now analyzed by using the generalized model presented in Section 6.1. Fot the sake

of clarity, the estimator error is split in two components:

• intrinsic error, that is, the error introduced by estimating the instantaneous speed through an

average measurement over a fixed angular distance;
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typeTime lastTime, currTime;
typeSpeed speed;

ISR (crankAngle 0 180) {
currTime = getCurrentTime();
speed = ANGLE 180/(currTime-lastTime);
lastTime = currTime;

}

Figure 6.1: Example of implementation of the angular estimator.

• freshness error, that is, the error related to the lag in the use of the speed estimate with respect

to the time instant at which it has been produced.

First, the intrinsic error is derived by the functions E+(ω̃) and E−(ω̃), which represents the maximum

and minimum instantaneous speed for an estimate ω̃, respectively. Then, such functions are refined by

introducing the freshness error, so obtaining functions E+
i (ω̃) and E−i (ω̃) that characterize the estimator

according to the model presented in Section 6.1.

Intrinsic error. Suppose that at time t the estimator has computed a time interval T to cover the

angular distance ΘE , thus leading to the speed estimate ω̃ = ΘE/T . Without loss of generality, we set

θ(t) = ΘE and t = T , as reported in Figure 6.2. The maximum instantaneous speed E+(ω̃) at time t is

obtained in the case where the rotation source has been subjected to a maximum constant acceleration

α+ in the angular interval [0,ΘE ]. In this case there exists an instantaneous speed ω0 at θ = 0 such that

the time needed to move from θ = 0 to θ = ΘE is exactly T . Following Equation (2.3), the time T can

be computed as

T = T (ΘE , ω0, α
+) =

√
ω2

0 + 2ΘEα+ − ω0

α+
. (6.2)

Rewriting 1 Equation (6.2) to extract speed w0 we obtain

w0 =
2ΘEα+ − (α+T )

2

2α+T
=

ΘE

T
− α+T

2
. (6.3)

Hence, the maximum speed E+(ω̃) can be computed as the instantaneous speed obtained by imposing

a maximum acceleration α+ in the angular interval [0,ΘE ], that is given by applying Equation (2.4) so

obtaining

E+(ω̃) = Ω(ΘE , ω0, α+) =
√
ω2

0 + 2ΘEα+. (6.4)

Replacing Equation (6.3) in Equation (6.4), we obtain

E+(ω̃) =

√(
ΘE

T

)2

+

(
α+T

2

)2

+ ΘEα+ =

=

√(
ΘE

T
+
α+T

2

)2

=
ΘE

T
+
α+T

2
.

(6.5)

Finally, knowing that T = ΘE/ω̃, we have

E+(ω̃) = ω̃ + α+ ΘE

2ω̃
. (6.6)

1This step can be performed by rewriting Equation (6.2) as
(
α+T + ω0

)
=
√
ω2
0 + 2ΘEα+ and then square both left

and right hand terms.
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Following a similar reasoning it is possible to compute the minimum speed E−(ω̃), that is

E−(ω̃) = ω̃ + α−
ΘE

2ω̃
. (6.7)

Note that both functions E+(ω̃) and E−(ω̃) are directly proportional to the angular distance ΘE , and for

ΘE tending to zero the estimator tends to be exact (i.e., producing the value of the exact instantaneous

speed), as it can be intuitively guessed.
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1

Figure 6.2: Worst-case scenarios for the angular estimator. The dashed line represents the average speed
(estimate); the speed and angular evolution leading to the maximum and minimum speed are represented
by continuous and dotted lines, respectively.

Freshness error. This error is introduced because an AVR task can be activated at angular positions

for which the speed estimate in not updated. To derive a safe value for functions E+
i (ω̃) and E−i (ω̃) we

have to consider the worst-case in which a task is activated just before the update of the speed estimate.

In this case, the rotation source has covered an angular distance ΘE − ε (with ε arbitrarily small) from

the previous speed estimate. This reasoning determines that we have to consider an additional angular

space of ΘE in which the rotation source can have accelerated (increasing the maximum speed E+(ω̃))

or decelerated (decreasing the minimum speed E−(ω̃)). Hence for an AVR task τi we have

E+
i (ω̃) =

√
(E+(ω̃))

2
+ 2ΘEα+ (6.8)

and

E−i (ω̃) =

√
(E−(ω̃))

2
+ 2ΘEα−. (6.9)

These functions account for the worst-case freshness error, independently of the relation between the

angular period ΘE and the AVR task angular parameters; this generic situation is denoted as unrelated

estimation. In the particular case in which the AVR task τ∗i has activation synchronous with the update

of the estimate (e.g., τ∗i has an angular period Θi = kΘE , k = 1, 2, . . . and no angular phases are present)

the freshness error is zero2, thus E+
i (ω̃) = E+(ω̃) and E−i (ω̃) = E−(ω̃). This particular situation is

denoted as in-phase estimation.

2 This is true assuming that the ISR in charge of updating the speed estimate has precedence over the AVR task where
the speed estimate is used.
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6.2.2 Periodic estimator

This estimator periodically samples the angular position θ(t) of the crankshaft with a fixed period TE ,

computes the angular distance Θ from the last activation of the estimator and then computes the average

speed as ω̃ = Θ
TE .

In engine control systems, the angular position of the crankshaft is identified trough a crankshaft

position sensor which is generally affected by a resolution error [24]. To account for such an additional

error, we introduce Θres as the resolution in reading the angular position θ(t). As done for the angular

estimator, the estimation error is split between intrinsic error and freshness error.

Intrinsic error. To study this estimator through the generalized model presented in Section 6.1 we can

follow the same approach used for the angular estimator in Section 6.2.1. The maximum speed E+(ω̃)

can be determined by modifying Equation (6.5) replacing the parameters of the periodic estimator, so

obtaining:

E+(ω̃) =
Θ + Θres

2

TE
+
α+TE

2
. (6.10)

Note that, to cope with the resolution error, the maximum speed for an estimate ω̃ is obtained by

including the maximum resolution error Θres/2. Since ω̃ = Θ/TE , we obtain

E+(ω̃) = ω̃ +
Θres

2TE
+ α+T

E

2
. (6.11)

Following a similar reasoning it is possible to compute the minimum speed E−i (ω̃) as

E−(ω̃) = ω̃ − Θres

2TE
+ α−

TE

2
. (6.12)

Freshness error. Since the rotation source triggering the AVR tasks is independent of the temporal

source (e.g., a timer) activating the periodic computational activities, an AVR task can be activated at

any time instant, independently of the execution of the periodic estimator. Specifically, assume that the

speed estimate is updated at time t. In the worst-case an AVR task τi can be activated at time t+TE−ε
(with ε arbitrarily small), hence its mode-change is based on a speed estimate that is not “fresh”, being

updated TE − ε time units before. To cope with this kind of error, we have to account for all possible

speed evolutions in the time interval [t, t+ TE ].

Let ω̃ be the speed estimate at time t, then the current maximum instantaneous speed is given by

ω = E+(ω̃). We now compute the angular distance Θ+ covered in any time interval of length TE starting

from an instantaneous speed ω, under constant acceleration α+. Similarly, as done in Section 6.2.1 for

Equation (6.3), it is possible to rewrite Equation (2.3) extracting the angular distance Θ, so obtaining

Θ+ = E+(ω̃)TE + α+T
E

2
. (6.13)

Hence, given a current speed estimate ω̃, the maximum speed E+
i (ω̃) at the activation of an AVR task

τi can be obtained by applying Equation (2.4) from speed E+(ω̃) with angular distance Θ+, that is

E+
i (ω̃) =

√
E+(ω̃)2 + 2Θ+α+. (6.14)

The minimum speed E−i (ω̃) can be computed in a similar way and results

E−i (ω̃) =
√
E−(ω̃)2 + 2Θ−α−, (6.15)

with Θ− = E−(ω̃)TE + α− T
E

2 .
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Note that the error introduced by the periodic estimator is not directly proportional to the period

TE , that is, a very fast update of the estimate can lead to a large error! This is due to the resolution error

in the determination of the angular position θ(t). The derivation of the optimal period TE can be found

by computing the minimum in the error functions. Due to the high number of involved parameters, it

is not easily presentable in an analytical form, but given the system parameters, it can be computed

numerically.

6.3 Experimental results

6.3.1 Numerical evaluation

To evaluate the errors introduced by speed estimators, we carried out a numerical evaluation of the error

for both the angular and periodic estimator under different configuration parameters. As done by Davis

et al. [8], the acceleration range has been set so that the rotation source is able to reach ωmax starting

from ωmin in 35 revolutions, so obtaining α+ = −α− = 1.62 ·10−4 rev/msec2. The rotation speed ranges

from ωmin = 500 RPM to ωmax = 6500 RPM, which are typical values for a production car engine.

Figure 6.3 reports the errors related to the angular estimator. In particular, the continuous lines

report the in-phase estimation error E(ω̃) = E+(ω̃) − ω̃ (i.e., the one considering the case where the

AVR tasks are synchronously activated with the update of the estimate), whereas the dashed lines refer

to the unrelated estimation error given by Ei(ω̃) = E+
i (ω̃) − ω̃. Both errors have been evaluated for

two different angular periods, ΘE = 2π and ΘE = π. As clear for the graph, the error introduced by

both estimators decreases for increasing speeds. The angular estimator with in-phase estimation shows

a small error for speed greater than 3000 RPM. Note that the linear decrease of the error observed at

high speeds is due to a saturation effect introduced by the maximum speed ωmax.
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Figure 6.3: Errors for the angular estimator as a function of the estimate ω̃.

Figure 6.4 reports the error E(ω̃) = E+
i (ω̃)− ω̃ related to the periodic estimator for different values

of the period TE . The optimal period TEopt has been numerically computed by differentiating the error

function E(ω̃), and resulted to be TEopt ≈ 5.9 ms. The angular resolution has been set to Θres =

π/30, which is a typical value in most of real engines relying only on the tooth wheel connected to the

crankshaft [24]. The graph shows that the error has a little dependency on the speed (originated by the

freshness error) and highlights that a fast estimation rate leads to a large error (see the curve TE = 1

ms), as already explained in Section 6.2.2. Also in this case, the linear decrease of the error observed at

high speeds is due to the saturation effect introduced by the maximum speed ωmax.
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In general, the errors reported in the graphs show that no estimation technique dominates the other

for all possible configuration parameters. However, under in-phase estimation (whenever allowed by the

application), the angular estimator shows the smallest error. The next experiment evaluates the impact

of the errors in terms of schedulability.
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Figure 6.4: Errors for the periodic estimator as a function of the estimate ω̃.

6.3.2 Schedulability experiments

The impact of the speed estimators on the schedulability of a task set has been evaluated by running other

experiments based on the schedulability test presented in Section 3, which is related to fixed-priority

scheduling. The task set generation strategy used for this experiment is the same as the one reported in

Section 3.4.1. Figure 6.5 and Figure 6.6 report the results for task sets including 5 periodic tasks and one

AVR task with angular period Θi = 2π and a random number of modes M uniformly distributed between

5 and 8. Schedulability ratio has been measured as a function of the total system utilization U , varied

with step 0.025 between 0.7 and 1.0; we decided to limit the graph to these utilization values because

we observed that the curves have no differences for utilization values U ≤ 0.7. The upper curve refers to

the ideal case of no estimator, that is, the case in which the actual instantaneous speed is assumed to be

available at any time instant; the dashed curve refers to the angular estimator with in-phase estimation;

the dotted curve refers to the periodic estimator running with the optimal period TEopt ≈ 5.9; and, finally,

the lower curve refers to the angular estimator in the case of unrelated estimation.

Figure 6.5 refers to scenarios where the maximum utilization of the AVR task correspond to the 40% of

the total task set utilization (ρu = 0.4 according to the generation strategy in Section 3.4.1). Conversely,

Figure 6.5 refers to scenarios where the maximum utilization of the AVR task is a significant percentage

(60%) of the total task set utilization (ρu = 0.6). Note that the overhead introduced by the estimators

is not considered in this experiment, because it is assumed that the speed estimate is performed by

a dedicated processing unit, like the Time Processing Unit (TPU) introduced by Freescale [24]. The

results were obtained over 1000 randomly generated task sets for each tested utilization value. As can be

observed from the graphs, the angular estimator with in-phase estimation shows the best performance,

accepting always more than 90 percent of the task sets with respect to the case without estimator.

Overall, these experiments show that even a simple speed estimation technique, like the angular

estimator with in-phase estimation, does not significantly jeopardize the schedulability performance with

respect to the ideal case of perfect knowledge of the instantaneous speed.
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6.4 Summary of the chapter

In this chapter, we proposed a general approach to account for speed estimators in the real-time analysis

of engine control applications and we studied the error introduced by two simple speed estimators,

both based on the computation of the average speed. The considered estimators have been evaluated

through a numerical evaluation of their error, under different configurations. Additionally, experimental

results have been carried out to measure the impact of the estimators in terms of schedulability ratio.

Experimental results show that simple speed estimation techniques do not significantly penalize the

system schedulability.
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Figure 6.5: Schedulability ratio as a function of the system utilization U under different speed estimation
techniques. Tasks are scheduled under fixed-priority scheduling and the 40% of the system load is
attributed to AVR tasks.
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Chapter 7

RTOS Support for EDF Scheduling

of Engine Control Tasks

Today, within the European automotive industry, engine control applications are commonly developed on

top of OSEK/AUTOSAR-compliant real-time operating systems [25, 26], which mandate fixed-priority

scheduling.

However, as already observed in Chapter 4, a pure fixed-priority scheduler may not be the best

choice for this type of applications, since there are several engine speeds at which any fixed priority

assignment is far from being optimal, thus significantly penalizing the system schedulability. In this

context, a dynamic priority scheduler, such as earliest-deadline first (EDF) [27] would allow achieving

a much higher schedulability, independently on the period values. Such a claim has been empirically

confirmed in Section 4.4 by extensive simulation experiments, which showed that, while EDF is able to

guarantee the schedulability of the system up to high utilization values close to 95%, a fixed priority

scheduler exhibits a significant degradation for utilization values much lower than those observed in

classical periodic scheduling. From a more theoretical perspective, Guo and Baruah [28] also confirmed

the effectiveness of EDF scheduling for systems that include AVR tasks through a speed-up analysis.

This fact was the main motivation that convinced us to develop an efficient support for AVR tasks

in a real-time kernel with an EDF scheduler. Today, EDF is available in a few operating systems, as

example ERIKA Enterprise [20], Linux, using the SCHED DEADLINE scheduling class [21], or through

the EDF plugin for OSEK/VDX proposed in [22].

The kernel selected for our implementation is ERIKA Enterprise [20] (ERIKA for short). Besides

providing an OSEK-certified kernel (today used by some players in the automotive industry), ERIKA is

(to the best of our knowledge) the only RTOS offering EDF scheduling with an OSEK-like API [29] and

a static configuration of the kernel, as mandated by OSEK. However, the native EDF support in ERIKA

does not include some features needed to manage engine-triggered tasks. Therefore, we developed an EDF

support for engine-triggered tasks that has minimal differences in terms of API and RTOS configuration

with respect to standard OSEK specifications, thus minimizing the effort for integrating the proposed

kernel with existing engine-control applications.

In the following, we first report a summary on ERIKA (Section 7.1). Subsequently, in Section 7.2,

we present the proposed support for AVR tasks. Different implementation approaches are considered,

discussed and evaluated. In Section 7.3, we also present a simulation framework based on the Lauterbach

TRACE32 R© suite, which provides a very powerful environment for studying the execution of tasks under

the proposed kernel. Finally, experimental results are presented to evaluate the implementation of the

proposed RTOS support in terms of memory footprint and run-time overhead (Section 7.4). Although the

70



Chapter 7. RTOS Support for EDF Scheduling of Engine Control Tasks

presented issues are discussed for the ERIKA RTOS, the proposed implementation can also be extended

to other RTOSes that will provide EDF scheduling with an OSEK-like API.

7.1 Summary on ERIKA Enterprise

ERIKA Enterprise [20] (ERIKA for short) is an OSEK/VDX certified RTOS that uses innovative pro-

gramming features to support time sensitive applications on a wide range of microcontrollers and multi-

core platforms. It is provided as an open-source kernel that allows achieving high predictable timing

behavior with a very small run-time overhead and memory footprint (in the order of a few kilobytes).

ERIKA comes in two kernel versions: (i) the OSEK standard, with its four conformance classes BCC1,

BCC2, ECC1 and ECC2, that is also certified as OSEK-compliant, and (ii) other custom (non-standard)

conformance classes that are:

• FP, offering a minimal implementation of fixed-priority scheduling with preemption thresholds [30];

• EDF, providing dynamic priority scheduling through the Earliest Deadline First (EDF) algo-

rithm [27] and the Stack Resource Policy (SRP) [31];

• FRSH, implementing the IRIS [32] scheduling algorithm for resource reservation;

• HR, offering a two-level hierarchical scheduling framework through the M-BROE [33] algorithm.

In general, ERIKA supports both periodic and aperiodic tasks under fixed and dynamic priorities

and includes mutex primitives for guaranteeing bounded blocking on critical sections.

Two types of interrupt handling mechanisms are provided: a fast one (also referred to as Type 1) for

short and urgent I/O operations, returning to the application without calling the scheduler, and a safe

one (also referred to as Type 2) that calls the scheduler at the end of the service routine, meant to be

used for the interaction with kernel objects (e.g., for activating a task).

In ERIKA, all the RTOS objects like tasks, alarms and semaphores are static, as specified by the

OSEK/VDX standard. This means that all the RTOS configurations are predefined at compile time

and cannot be changed at run-time. The choice of using a static approach is crucial for containing

both footprint and run-time overhead, obtaining a tailored RTOS image that is optimized for a specific

application-dependent kernel configuration. In ERIKA, the objects composing a particular application

are specified in the OSEK Implementation Language (OIL) and stored in proper configuration files. The

ERIKA development environment also includes RT-Druid, which is a tool in charge of processing the

OIL configuration to generate the specific ERIKA code for the requested kernel configuration.

The EDF conformance class. In this paper we focus on the EDF conformance class of ERIKA, which

has been used a baseline for the development of the support for engine-triggered tasks. A key feature of

this implementation is that it has the standard OSEK API, offering the possibility of making a trans-

parent integration with existing OSEK applications. The only difference consists in an additional OIL

parameter (with respect to the standard OSEK ones) for configuring the relative deadlines of tasks. The

implementation relies on a circular timer for managing the internal time representation. This approach

allows treating the absolute time representation (and hence absolute deadlines) with 32-bit variables,

containing the runtime overhead and footprint. The access to mutual exclusive resources is regulated

through the SRPT algorithm [34], which combines the SRP protocol with preemption thresholds [30] to

reduce the number of preemptions and save stack space. Please refer to [29] for additional details, where

the implementation of the ERIKA EDF conformance class is discussed in depth.
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7.2 EDF Kernel Support for AVR Tasks

This section describes the EDF kernel support developed for scheduling AVR tasks. Section 7.2.1 first

discusses the scheduling flow for managing AVR tasks. Then Section 7.2.2 describes the API extension

needed for supporting the activation of AVR tasks and Section 7.2.3 discusses two approaches for han-

dling the deadline computation of AVR tasks. Finally, Section 7.2.4 presents the extension of the OIL

specification language needed to configure AVR tasks.

7.2.1 Scheduling flow

In this section we address the relationship between the engine physical parameters (namely the engine

speed and the crankshaft position) and the scheduling parameters managed by the RTOS.

Engine control applications typically maintain the notion of current engine speed (generally through

an estimation technique [8, 35]), which is also used by the code of the AVR tasks to self-adapt their

behavior (i.e., performing a mode change) as illustrated in Figure 2.3.

In this work, two measurement units are considered for the engine speed:

• RPM, expressed by an integer value;

• revolutions/ticks, expressed by a floating point value.

The first case covers the situation in which the engine speed is provided by an external device,

named Time Processing Unit (TPU), commonly present in microcontrollers designed for automotive

applications. An example is described in [24], where the microcontroller manufacturer provides a firmware

library for the TPU returning the engine speed in RPM as a 32-bit integer value. At the same time,

this case can be considered as a representative scenario in which the speed is represented as an integer

value. On the other hand, the second case considers a representative scenario in which the engine speed

is measured by using a temporal reference of the microcontroller (e.g., an internal timer) producing a

floating point number.

In both the cases we assume that the engine speed is available at any time in a memory location.

AVR tasks are triggered by an event which is dependent on the engine rotation. Once the crankshaft

reaches some particular angular positions θ a set of AVR tasks have to be activated. To this purpose, an

interrupt signal is provided to the microcontroller notifying that the crankshaft has reached the position θ.

This interrupt is typically originated by an external device connected to a crankshaft position sensor [24].

The firmware running on the microcontroller can then react to this interrupt with an interrupt service

routine (ISR) invoking and RTOS call to actually activate the task.

As discussed in Section 4.1, a speed-dependent relative deadline has to be computed at the release-

time of each job to support EDF scheduling of AVR tasks. This is not required for scheduling classical

periodic/sporadic tasks where the relative deadline is constant. This fact affects the mechanism of the

kernel that activates a new job in the system because (i) the activation of an AVR task must take into

account the engine speed for computing the absolute deadlines of its jobs and (ii) the RTOS API must

offer a system call for activating AVR tasks.

In the following sections we propose an API extension for AUTOSAR/OSEK RTOS to overcome this

limitation and we present a study on how to efficiently compute job relative deadlines for AVR tasks.

It is worth observing that, although AVR tasks make use of the engine speed to adapt their behavior,

no specific RTOS support is required for their mode change. In fact, since an EDF scheduler is agnostic

of the WCETs, AVR tasks can self-adapt their functional behavior without any intervention of the

scheduler.
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7.2.2 Handling activations of AVR tasks

In the standard AUTOSAR/OSEK API the task activation is performed with the following system call

ActivateTask (TaskType TaskID),

where TaskID represents the identifier of the task for which a job has to be activated. In the former

ERIKA EDF support, the same system call has been held to keep the API OSEK-compliant. Such a call

computes the absolute deadline for each upcoming job by using the implicit (constant) relative deadline.

As reported in Equation (4.1), however, the relative deadline of an AVR task depends on the cur-

rent engine speed ω, hence determining the need for extending the standard OSEK API with a new

ActivateTask system call, as follows:

ActivateTask (TaskType TaskID, SpeedType w),

where w represents the current engine speed at the time at which the task is activated.

An example of usage of the new ActivateTask system call is reported in Figure 7.1. In this example

we suppose to have an interrupt signal that is generated every half rotation of the crankshaft which is

handled by a type 2 interrupt service routine (please refer to Section 7.1). The code in the body of the

ISR simply retrieves the current engine speed and then makes use of the new system call for activating

an AVR task having task identifier AVRTask 180 degrees.

ISR2 (crankAngle 0 180) {
SpeedType w = getCurrentSpeed();
ActivateTask (AVRTask 180 degrees, w);

}

Figure 7.1: Example of usage of the new ActivateTask system call.

Please note that Equation (4.1) holds when ω represents the actual instantaneous speed at a task

activation. However, in practice, it is not possible to have an exact characterization of the instantaneous

engine speed which has to be estimated in some way (e.g., as an average speed in some intervals as

reported in [8]): this error can be anyway accounted by integrating the analytical considerations discussed

in Chapter 6 or by overestimating the maximum acceleration α+.

The new ActivateTask system call is in charge of computing the current relative deadline Di(ω)

expressed in Equation (4.1), so obtaining the absolute deadline di = t + Di(ω), where t is the current

time at which ActivateTask is invoked. Once the absolute deadline is computed, all the existing code

in ERIKA for managing task activations under the EDF conformance class can be reused. At this point,

it results clear that the key challenge for supporting AVR tasks is to provide an efficient implementation

of Equation (4.1) and manage the additional data structures needed to store the AVR task parameters.

7.2.3 Deadline computation for AVR tasks

Equation (4.1) can be computed by means of the native square root function available in the standard

C mathematical library, however this approach results in an inefficient implementation, leading to un-

necessary runtime overhead at each task activation. For this reason, two alternative approaches are

investigated and compared in this paper for implementing the deadline computation:

1. The first approach uses an iterative computation method to approximate the value of the square

root function. It has a negligible impact in terms of footprint, but increases the run-time overhead

of the ActivateTask system call.
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2. The second approach uses a lookup table to store a set of deadline values with a given speed

granularity. It introduces a small run-time overhead, but it significantly increases the footprint,

which becomes dependent on the required resolution and the number of AVR tasks (as explained

below).

Both approaches have been implemented in the kernel to precisely evaluate them. The user can select the

preferred method in the RTOS configuration, as it will be described in Section 7.2.4. In the following,

the two approaches are discussed and evaluated in terms of numerical error, footprint, and run-time

overhead.

Please note that the main purpose of the following sections is not to describe how to efficiently

implement specific numerical approximation methods, but to show how such details may significantly

affect the performance of a specific RTOS implementation.

Fast Square Root Approach

Considering that OSEK RTOSes are static (i.e., no tasks can be created at run-time), a part of Equa-

tion (4.1) can be pre-computed at compile time, thus reducing the amount of computation needed at

run-time. To this purpose, for each AVR task τ∗i we define the parameters K
(a)
i = 1

α+ and K
(b)
i = 2∆iα

+.

Using such parameters, Equation (4.1) can be rewritten as

Di(ω) = K
(a)
i

(√
ω2 +K

(b)
i − ω

)
, (7.1)

thus avoiding one division and one multiplication at run-time. Hence, the additional data structures

needed to support the scheduling of AVR tasks are:

TypeAVRParams K A[MAX AVR TASKS]; TypeAVRParams K B[MAX AVR TASKS];

where MAX AVR TASKS represents the number of AVR tasks in the task set and TypeAVRParams is a

floating point data type.

Observing Equation (7.1), it is easy to note that the bottleneck for having an efficient implementation

for the deadline computation is the square root function.

After comparing different methods for implementing the square root function, we identified an algo-

rithm, denoted as FastSQRT [36], providing a fast computation of an approximation of the square root.

Such an algorithm relies on the Newton’s method for iteratively computing the square root of a number,

but improves on its original formulation by selecting an initial value for the iteration that is able to

considerably reduce the error with only two iterations. The initial value for the iteration is computed by

means of a particular constant which has been formally studied in [36,37].

As part of this work we also performed a numerical study on the deadline computation by using the

FastSQRT algorithm. Such an algorithm has been applied considering all the speeds in a typical range

for a production car engine, that is from 500 to 6500 RPM. Then, the error with respect to the exact

square root function has been computed. The results are reported in Figure 7.2 for both the measurement

units of the engine speed considered in this work. As can be observed from the graph, the FastSQRT

algorithm presents an error always lower than 0.04% for this specific application domain.

Lookup Table Approach

The second approach considered in this work for computing the deadline of AVR tasks relies on an off-line

pre-computation of Equation (4.1) for the whole range of engine speeds. The values of Equation (4.1) are
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Figure 7.2: Error of the FastSQRT algorithm.

∆ω (RPM) AVG err (%) MAX err (%) Footprint (bytes)

32 0.002 0.013 750

64 0.009 0.05 376

128 0.036 0.2 188

256 0.145 0.79 96

512 0.58 2.99 48

1024 2.36 10.493 24

Table 7.1: Percentage of error and footprint for the lookup table approach under different values of ∆ω.

computed off-line by using a quantization step ∆ω and stored as constants in an array, thus obtaining a

lookup table.

We denote the elements of the lookup table as Wj , j = 0, 1, . . . ,
⌈
ωmax−wmin

∆ω

⌉
. At run-time, a weighted

average is then used to estimate the value of the deadline. More specifically, suppose to have a current

engine speed ω and let Y = ω−ωmin

∆ω . An index j for the look table is computed as j = bY c and the value

D(ω) is obtained as

D(ω) =
qWj + lWj+1

q + l
, (7.2)

where q and l represent the weights of the weighted average and their definition depends of the measure-

ment unit used to represent the engine speed ω. When the speed is represented in RPM (as an integer

value) we defined q = ∆ω− l and l = (w−wmin)− j∆ω, leading to q+ l = ∆ω, where l can be computed

by means of a modulo operation. In this way, if ∆ω is defined as a power of two, the value of D(ω) can

be efficiently computed without involving any floating point operation implementing the ratio as a bit

shift operation.

On the other hand, when the speed ω is represented in revolutions/ticks (as a floating value), different

formulations for q and l can be defined to optimize the computation. In fact, defining q = 1 − l and

l = Y − j, we obtain q+ l = 1, so avoiding the division in Equation (7.2). In addition, the value of l can

be computed by a truncation operation by a casting to an integer value.

Please note that, the value of ∆ω results now crucial for determining the precision and the additional

footprint imposed by this approach. Table 7.1 reports a numerical evaluation of both error and footprint

for different values of ∆ω. Since deadlines in ERIKA are represented in ticks, each element of the lookup

table can be represented as a 32-bit integer value leading to a cost of 4 bytes each.

Overall, although a considerably small footprint is required for achieving a good precision (e.g., with

∆ω = 256 RPM), the main drawback of this approach is that (in the general case of AVR tasks having

all different angular deadlines) a lookup table has to be generated for each task, so limiting the scaling

for high number of tasks on memory-constrained platforms.
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Run-Time Overhead Comparison

Table 7.2 reports the run-time overhead for both the FastSQRT algorithm and the lookup table approach,

together with the one of using the SQRT function of the standard C library. The results have been

obtained on the STM32F4 platform running at 168Mhz with FPU enabled and using the GNU ARM

compiler. As it can be noted from the table the FastSQRT algorithm shows a significant improvement

on the standard SQRT function, halving the run-time in case of representation in RPM and being

one-third in case of using revolutions/ticks. The lookup table approach resulted very efficient for the

RPM case, where no floating point operations are involved, while resulted comparable to the FastSQRT

in case of speed representation in revolutions/ticks, due to the floating point operations involved in

Equation (7.2). Finally, note also that the application of the FastSQRT algorithm in the RPM case

resulted more costly with the respect to the revolution/ticks case: this is because of the final conversion

of the deadline from minutes (as the temporal unit on RPM) to ticks. Overall, this study highlights how

a proper implementation for the deadline computation can significantly reduce the overhead containing

both footprint and precision errors.

RPM
FastSQRT Lookup Table SQRT

MAX
2.23 µs
188 cycles

0.3 µs
26 cycles

5.42 µs
456 cycles

AVG
2.08 µs
176 cycles

0.25 µs
22 cycles

5.09 µs
428 cycles

revolutions/ticks
FastSQRT Lookup Table SQRT

MAX
1.69 µs
143 cycles

1.9 µs
164 cycles

5.21 µs
438 cycles

AVG
1.51 µs
127 cycles

1.55 µs
131 cycles

4.89 µs
411 cycles

Table 7.2: Run-time comparison of the considered approaches for computing the deadline of AVR tasks.
The results were obtained on a STM32F4 microcontroller running at 168Mhz with FPU enabled.

7.2.4 Extended OIL Specification

As stated in Section 7.1, AUTOSAR/OSEK RTOSes are configured at compile time through a specific

standard language named OIL.

Standards play a crucial role in industrial design flows, therefore keeping the implementation adherent

as much as possible to a standard increases its practical applicability. For this reason, in the following

we show that the proposed kernel implementation can be managed by making minimal changes on the

standard AUTOSAR/OSEK RTOS configuration.

In order to support the definition of AVR tasks, the standard OIL specification used for a task has

been extended by adding the following fields:

• ALPHA MAX, containing the maximum acceleration for the rotation source triggering the AVR task;

• ANG DEADLINE, containing the angular deadline ∆ of the task.

Both the fields must be inserted inside an AVR TASK OIL construct, as illustrated in the example reported

in Figure 7.3. Different measurements units are available for representing the values of such fields.

Since our implementation is able to handle the speed representation in RPM or revolutions/ticks,

an OIL field named SPEED TYPE = {RPM, REVS TICKS} is provided for selecting among these two
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options. If RPM is selected, the kernel is configured, as a default option, for using lookup tables to

compute AVR task deadlines; otherwise, if REVS TICKS is selected, the FastSQRT algorithm is used as

a default option. Additional OIL fields are also provided to have a custom configuration in both the

cases, forcing the use of the FastSQRT algorithm or lookup tables with different quantization steps ∆ω.

KERNEL TYPE = EDF {
TICK TIME = "11.9ns";
SPEED TYPE = "RPM";

};
TASK sampleTask {

AVR TASK = TRUE {
ALPHA MAX = "0.000162 RPms2";
ANG DEADLINE = "180 degrees";

};
SCHEDULE = FULL;
STACK = SHARED;

};

Figure 7.3: Example of OIL configuration for an AVR Task.

The RT-DRUID tool, provided together with ERIKA, has been modified to support the extended

specification. Such a tool is in charge of identifying the AVR tasks and extract the values specified

in the ANG DEADLINE and ALPHA MAX fields. When selecting the FastSQRT algorithm, such values

are used to precompute the parameters K
(a)
i and K

(b)
i to fill the data structures K A and K B with

their corresponding values. Otherwise, the values are used by RT-DRUID to automatically generate the

lookup tables.

7.3 A Simulation Framework

In this section we present a simulation framework for studying the execution of tasks under the kernel

support proposed in this paper. The framework is based on the Lauterbach TRACE32 R© PowerView

IDE: an overview on such an environment is reported in Section 7.3.1. The Lauterbach IDE has been

extended with two custom plugins (presented in Section 7.3.2) aiming at supporting the execution of

both periodic and engine-triggered tasks with the proposed kernel for ERIKA Enterprise.

7.3.1 Lauterbach TRACE32

Lauterbach TRACE32 is a set of modular microprocessor development tools produced by Lauterbach

GmbH, the world’s larger producer of hardware assisted debug tools for microprocessors. The solution

consists in both a software system and a set of hardware instruments where all is managed through the

TRACE32 PowerView Integrated Development Environment (IDE) which offers a clean and powerful

user-interface. The modular hardware and software solutions supports up to 350 different CPUs.

The TRACE32 PowerView IDE offers intuitive, consistent, and fast access to debug and trace in-

formation. Advanced debug features, profiling, support of multicore and multiprocessor systems, and

support of almost every RTOS facilitate the analysis of system performance ensure the quality the qual-

ity of embedded software designs. In fact, without proper tools, the development and debug process

of software for embedded microcontrollers is generally challenging, especially in case of time-dependent

software where the debug can perturbate its timings. For this reason, the use of an hardware tracer is

commonly adopted.

77



7.3. A Simulation Framework

Together with all the software infrastructure offered for the Lauterbach hardware instruments, the

TRACE32 suite provides an instruction set simulator, that supports a large number of microcontrollers.

The TRACE32 suite based on the instruction set simulator is today distributed for free by Lauterbach.

Thanks to this simulator, it is possible to execute real code collecting a large set of debug and trace

informations without having any hardware device (neither the Lauterbach hardware instruments nor the

actual microcontroller) hence enabling the possibility to build very powerful testing and development

environment. For this reason, we decided to extend the TRACE32 suite for supporting the execution of

the EDF kernel proposed in this work. The next section describes the details of the realized simulation

framework.

7.3.2 Description of the framework

The main limitation of the TRACE32 suite is that it only offers the instruction set simulator for the

CPU of a microcontroller and not the simulation of its peripherals devices (e.g, the timers). However,

TRACE32 offers a standard interface, referred to as Peripheral Simulation Model (PSM) [38], that allows

developing custom simulated peripherals. In particular, the PSM allows a developer to write custom

software that reacts and accesses to specific registers located into the physical memory of the simulated

microcontroller, thus allowing the simulation of memory-mapped peripheral registers. In addition, the

PSM provides functions for interacting with the simulated CPU and other modules of the TRACE32

simulator. The custom extensions are developed in C language and compiled as dynamic linked libraries

that can be loaded from the TRACE32 PowerView IDE.

In order to simulate the execution of our EDF kernel executing engine-triggered tasks we needed to

implement two external libraries for the simulator, that are

• Crankshaft Simulator, in charge of generating interrupts related to the rotation of a simulated

crankshaft, hence generating the activation of AVR tasks;

• Free Running Timer, used by the EDF kernel to handle the time representation in the system.
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Figure 7.4: Schematic representation of the implemented simulation framework.

Figure 7.4 reports a schematic representation of the implemented simulation framework. As a ref-

erence platform we selected the STM32F4 produced by STMicroelectronics, whose CPU simulation is

offered by Lauterbach TRACE32. The simulator module of the STM32F4 is connected to an interrupt

controller simulator module (provided by Lauterbach) which is in turn connected to our Crankshaft
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Simulator module. The Crankshaft Simulator module generates angular events as interrupts, at which it

is possible to react through interrupt service routines containing ActivateTask primitives that trigger

AVR tasks (see Figure 7.1). As explained in Section 2, the time instants at which such angular events

occur are directly dependent on the speed evolution of the engine. Two different sources are available

for generating angular events: (i) Random Speed Pattern, which generates a random speed evolution

according to the rotation source model presented in Section 2 given a set of configurations parameters

(like maximum/minimum acceleration), and (ii) File, which loads a predetermined speed pattern from

a file. In addition to the generation of angular events, the Crankshaft Simulator uses the PSM interface

for communicating the current engine speed to the application into a memory area, thus simulating (as

example) the presence of a TPU [24].

The Free Running Timer module simulates a 32 bit timer available in the STM32F4. Its implemen-

tation uses the PSM interface for reacting to specific registers of the microcontroller that are used for

configuring the timer and reading its current value. The value of such a timer is the temporal reference

needed by the kernel for computing absolute deadlines of tasks and is configured with the resolution

specified in the TICK TIME field in the OIL configuration (please refer to Figure 7.3).

The realized simulation framework is able to collect a full trace related to the execution of an ap-

plication, which can then processed, explored and partially re-executed. As an example, we reported in

Figure 7.5 a screenshot taken from the Lauterbach TRACE32 PowerView IDE, where a functionality of

the tool is adopted for collecting the execution trace of the tasks.

For the sake of completeness, Table 7.3 reports the time needed to collect the trace for a given

simulation time (indicated as Trace time), together with the processing time needed to extract the

execution trace (indicated as Processing time) and the corresponding memory usage for storing the trace

in RAM. Such results are obtained executing the simulation framework on a machine equipped with

an Intel Core i7 4790k processor running at 4 GHz with 32GBs of RAM. As it can be noted from the

table, the simulator is able to collect and process 6 seconds of simulation in about 3 minutes; however

it requires a significant amount of memory (up to 25 GBs) for the storage of all such data. This huge

amount of memory is required by the tool because it stores all the state of the CPU and the simulated

peripheral devices for every CPU clock tick. At today the possibility of limiting the information that

are stored during a simulation (hence limiting the memory occupancy) is not available in the TRACE32

simulator. This limitation can be overcome in part by storing execution traces into files that can be later

processed in batch.

Figure 7.5: Screenshot from the Lauterbach TRACE32 R© PowerView IDE.
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Simulation
time
(secs)

Trace time
(secs)

Processing
time
(secs)

RAM
occupancy

1 19 16 4.1 GBs
3 48 40 12.3 GBs
6 96 92 25.2 GBs

Table 7.3: Times and memory consumption for the proposed simulation framework.

7.4 Experimental Evaluation

In this section we report experimental results aiming at evaluating the implementation of the proposed

EDF kernel (referred to as EDF-AVR) in terms of footprint and run-time overhead. For comparison

purposes we report also experimental results obtained with the OSEK kernel of ERIKA, the confor-

mance class FP (providing a minimal implementation of fixed-priority scheduling) and the original EDF

conformance class. Please refer to Section 7.1 for further details. Regarding the OSEK kernel we selected

its variant named BCC2, which provides fixed-priority scheduling with stack sharing, more than one task

per priority level and multiple pending task activations.

Figure 7.6 reports the footprint in bytes for OSEK BCC2, FP, EDF and EDF-AVR kernels as a

function of the number of AVR tasks keeping the number of periodic tasks to 2. We decided to study

the footprint varying the number of AVR tasks because the OSEK BCC2, AVR and FP kernels do

not distinguish such tasks from the periodic ones, while the kernel proposed in this paper provides

additional code and data structures for AVR tasks. The results are obtained compiling the kernels for

the STM32F4 platform using the GNU ARM compiler with the size optimization (-Os) flag enabled. In

these experiments we considered the EDF-AVR kernel configured for using the FastSQRT algorithm for

computing the deadlines of AVR tasks. Please refer to Table 7.1 for evaluating the footprint for the case

in which the kernel is configured for using lookup tables.
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Figure 7.6: Footprint in bytes for different conformance classes of ERIKA Enterprise as a function of the
number of AVR tasks on STM32F4 with GNU ARM compiler.
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Num. of Tasks 3 5 7 10

EDF MAX
µs
.

2.62 2.77 2.82 2.90

cycles
.

440 465 484 487

EDF AVG
µs
.

2.59 2.70 2.78 2.86

cycles
.

435 453 467 480

EDF-AVR
(FastSQRT)

MAX

µs
.

4.10 4.21 4.36 4.46

cycles
.

689 707 732 749

EDF-AVR
(FastSQRT)

AVG

µs
.

4.0 4.18 4.25 4.39

cycles
.

762 702 714 737

EDF-AVR
(Lookup Table)

MAX

µs
.

2.95 3.04 3.15 3.22

cycles
.

495 510 529 541

EDF-AVR
(Lookup Table)

AVG

µs
.

2.91 3.01 3.14 3.20

cycles
.

489 505 527 537

Table 7.4: Maximum and average run-time overhead in microseconds and cycles for the proposed EDF
kernel under different configurations. The overhead has been measured on an STM32F4 platform running
at 168Mhz with FPU enabled.

As it can be observed from the graph, the OSEK BCC2 kernel shows the greater footprint: this is

because it contains a consistent number of data checks and mechanism required for being fully OSEK

compliant. The EDF-AVR kernel has the same footprint when no AVR tasks are present (as clearly

expected) and requires around 200 additional bytes for handling one AVR task (including the implemen-

tation of the ActivateTask primitive) with respect to EDF kernel.

Another experiment has been conducted for measuring the resulting run-time overhead of the

ActivateTask system call. Such a system call computes the task deadlines and manages the ready

queue, resulting in the most time-consuming kernel mechanism. Table 7.4 reports the maximum and the

average run-time overhead (expressed in microseconds and cycles) for the ActivateTask of EDF-AVR

under both the cases of application of the FastSQRT algorithm and the lookup table. For comparison

purposes, the table also reports the overhead for the EDF kernel used as a baseline for this work. The

run-time overhead for the ActivateTask for the FP kernel resulted about 2.2 µs (420 cycles) with

marginal variations with the number of tasks (due to the constant time ready queue management). As it

can be observed from the table, the run-time overhead of the proposed kernel is comparable with the one

of the FP kernel when a lookup table is used (with integer speed representation), while is twice larger

when the FastSQRT algorithm is used (with floating point speed representation). In both the cases a

marginal increment has been identified as the number of tasks increases.

7.5 Summary of the Chapter

In this chapter we presented a new kernel for the ERIKA Enterprise real-time operating system for

supporting EDF scheduling of engine control applications. Being engine control applications typically

managed by an AUTOSAR/OSEK standard RTOS, the new kernel has been conceived to have an
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API with minimal differences with respect to the OSEK standard, thus limiting the effort for adopting

the proposed solution in existing engine control applications. The same design constraints have been

considered for the RTOS configuration, introducing minimal extensions to the OSEK Implementation

Language (OIL), which is the standard language for configuring an OSEK RTOS.

The main extension introduced by the proposed support served to handle speed-dependent absolute

deadlines for engine-triggered tasks. Two different approaches have been considered for the implementa-

tion depending on the representation of the engine speed available in the system. An approach is based

on a fast algorithm for computing the square root function (FastSQRT), while the other one relies on

lookup tables. Both approaches have been discussed and compared in terms of precision, footprint, and

run-time overhead. A comparison made with the preexisting EDF kernel in ERIKA Enterprise, showed

that the additional overhead introduced by the proposed implementation ranges from a few hundreds of

nanoseconds to a maximum of 1.5 microseconds (in a reference platform running at 168Mhz), depending

on its configuration. For instance, even in the presence of 10 AVR tasks (a limit-case likely far from

realistic designs), the new implementation requires about 250 bytes of additional footprint with respect

to the existing EDF kernel and less than 500 bytes increment with respect to a minimal implementation

of fixed-priority scheduling.

In Section 7.3 we also proposed a simulation framework for studying the execution of tasks under

the proposed kernel. Such a framework has been realized extending the Lauterbach TRACE32 R© suite

with an engine crankshaft simulator and other accessory modules to support the execution of the im-

plemented EDF kernel. Thanks to the instruction set simulator offered by Lauterbach TRACE32, used

in conjunction with our extensions, it is possible to collect execution traces of real code as a function

of predetermined (or random) physical behaviors of the crankshaft (even without adopting hardware

debuggers/tracers, nor the actual microcontroller).

As a final summary, to use the proposed kernel with an existing engine control application running

upon an OSEK RTOS, the designer has to

• identify the mechanism for reading the engine speed (which is generally already present in such

applications [3]);

• replace all the occurrences of the ActivateTask call used for triggering the AVR tasks with the

new version proposed in Section 7.2.2;

• introduce the additional parameters (angular deadline and maximum engine acceleration) in the

OIL configuration file, as specified in Section 7.2.4.

Please, also note that the proposed EDF kernel requires a temporal reference for managing absolute task

deadlines. Such a reference can be implemented by reserving a timer in the microcontroller (which can

automatically be handled by the device drivers in ERIKA) or connecting a temporal reference that is

already present in the application.
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Chapter 8

Performance-driven Design of

Switching Speeds

As introduced in Section 2.1, the implementation of an AVR task requires determining the precise engine

speeds at which mode changes should occur.

In reality, the selection of the transition speeds is not driven by schedulability constraints alone,

but has to optimize a set of performance indexes, related to power, fuel consumption and emissions

(among others). The control implementations are designed to achieve the best possible combination of

all the performance indexes within a given computation complexity and for a given set of engine speeds.

This process requires the tuning of a significant number of configuration parameters and is performed

at the test bench, where each implementation is tested for different speeds recording the performance

parameters of interest.

Intuitively, the most sophisticated control implementations have the best performance but they re-

quire a higher computational demand that cannot be afforded (without incurring in deadline misses)

when they are executed more frequently (i.e., at high engine speeds). Conversely, simpler control imple-

mentations have lower computational requirements and tend to work better at higher rotational speeds,

where the engine is more stable. The resulting behavior of engine-control tasks is a mode-change among

a set of different control implementations, each one executed in a given interval of engine speeds.

The main contribution of this chapter is to formulate a design optimization problem to find the

switching speeds that maximize the system performance while guaranteeing the schedulability of the

task set (Section 8.1). We assume the knowledge of the performance function associated to each control

implementation (for instance, they can be derived by fitting the test bench performance data to a family

of relatively simple analytical functions). To the best of our knowledge, this is one of the first efforts

aiming at integrating performance metrics together with real-time constraints on the computational

activities to address the design optimization of engine control systems. This chapter presents three

methods for tackling such an optimization problem assuming a given performance metric and a set of

constraints. First, a simple method to reduce the design space is presented (Section 8.2). Then, two

heuristic approaches are proposed to reduce the computational complexity and a performance upper

bound is computed (Section 8.3). Finally, a branch and bound method is presented to find the optimal

solution within a given speed granularity (Section 8.4). Simulation results show that the performance

achieved by the heuristics is quite close to the performance upper bound and the optimum with respect

to a given granularity (Section 8.5). The performance functions considered in the proposed paper have

also been validated in a simulation environment that includes a Diesel engine model (Section 8.6).
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8.1 Problem Definition

The analysis presented in this paper is restricted to a representative class of automotive applications

consisting of a single AVR task and a set of periodic tasks, scheduled by fixed-priority on a single core.

Since there is a single AVR task, we drop its index in the definition of its parameters.

The addressed problem is first stated using a general formulation and then restricted to a number of

specific cases under a set of assumptions. The general formulation consists of the definition of the input

parameters, the optimization variables, the set of constraint functions, and the performance function to

be optimized.

Input parameters. We consider an AVR task consisting of Q implementations Λj (j = 1, . . . , Q) of

the same functionality at different complexity. Note that we distinguish between implementations and

mode, since (after the design process) one or more implementations can be merged into a single mode,

to be executed in a range of speeds (to be determined) and characterized by a known WCET Cj . The

implementations are indexed such that their execution times are strictly increasing with the index j —

that is, ∀j = 1, . . . , Q− 1, Cj < Cj+1.

Optimization variables. The objective of the proposed optimization algorithms is to find the

set of switching speeds between modes of the AVR task that maximizes the engine performance while

guaranteeing the task set schedulability. The switching speeds ωj ∈ [ωmin, ωmax], with j = 1, . . . , Q− 1,

are hence the main variables of the considered optimization problem. The schedulability condition yields

a fixed-priority assignment for the AVR task and the periodic tasks. Note that, in the presence of AVR

tasks, a Rate-Monotonic priority assignment cannot be enforced, due to the large variation of interarrival

times of an AVR task as discussed in Section 4.1.

Constraints. The main constraint considered in the optimization procedure is the schedulability of

the task set, that is, the condition under which all the tasks in the system meet their deadlines. More

specifically, the following notion of schedulability is considered in this paper: a task set is said to be

schedulable if there exists at least a fixed priority assignment such that all the tasks meet their deadlines,

otherwise the task set is said to be unschedulable. To verify the schedulability of a given instance of task

system, we rely on the analysis presented in Chapter 3.

Performance Metrics. The effectiveness of a design solution is evaluated by assigning each imple-

mentation a performance function fj(ω) of the engine speed ω, which is monotonically increasing with

the WCET Cj — that is, ∀ω, fj(ω) > fj′(ω) ⇔ Cj > Cj
′
. The rationale behind such a restriction is

that a more complex control implementation, which has a higher computational demand (and hence a

higher WCET), makes sense only if it improves the performance.

The overall system performance is defined as the integral of the resulting performance function over

the entire speed range. Since each execution mode is active in a particular speed range, the overall

performance is expressed as the sum of the contributions given by each mode j, whose performance

function fj(ω) is integrated in its operating range — hence obtaining

P(ω1, . . . , ωQ) =

Q∑

j=1

∫ ωj

ωj+1

fj(ω) dω (8.1)

where j spans over all the modes j = 1, . . . , Q, and, by definition, ω1 = ωmax and ωQ+1 = ωmin. In this

paper, two families of performance functions are considered. In the first one, each implementation brings

a contribution to the performance that does not depend on the rotation speed at which it is applied.
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Each Λj has an associated performance constant kj and the overall system performance is

P(ω1, . . . , ωQ) =

Q∑

j=1

kj(ωj − ωj+1). (8.2)

In the second family, functions represent control implementations in which the performance depends on

the implemented control law and the rotation speed at which it is applied. The selected function (for

each mode) is

fj(ω) = kj,1e−
kj,2

ω (8.3)

and the system performance is computed as

P(ω1, . . . , ωQ) =

Q∑

j=1

∫ ωj

ωj+1

kj,1e−
kj,2

ω dω. (8.4)

The rationale for selecting an exponential function of this type is the following. The most sophisti-

cated control implementation (j = Q, with possibly multiple injections during the cycle) has the best

performance, which is kept unchanged across the speed range (i.e., fQ(ω) = 1, with kQ,2 = 0), and is

considered as a baseline for the other control implementations. Simplified control implementations tend

to work better at higher rotational speeds, where the engine is more stable, but become less effective at

some cutoff speed, represented by the parameter ki,2. The parameter ki,1 is used as an additional degree

of freedom to improve fitting the performance curve to the actual experimental data. Figure 8.1 shows

the typical shape of our exponential performance functions for different values of kj,1, kj,2, and Figure

8.2 shows technical data (from the web) expressing the engine output power as a function of the engine

speed, in support of a possible fit with a family of exponential functions as in Equation (8.3).

Figure 8.1: A set of exponential performance func-
tions for selected values of kj,1, kj,2.

Figure 8.2: The power output curve of a
the Evinrude E-TEC-250 engine (from continu-
ouswave.com).

Formally, the first type of function is a special case of the exponential one where kj,2 = 0 for all j.

However, in our experiments they are handled in a different way, because the optimization algorithms

leverage the constant gradient of the constant functions to avoid recomputing it at every step, thus

speeding up the computation.

Although these two classes of functions are used in the experiments, the proposed method is not

limited to their consideration. The only requirement is that the used function is monotonic with the

mode index (and hence with the mode WCET) for all ω and it is integrable in the speed domain ω.
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The integral in Equation (8.4) cannot be computed analytically, thus is computed numerically through

the exponential integral function Ei(x), so obtaining

P(ω1, . . . , ωQ) =

Q∑

j=1

Yj(ω
j)− Yj(ωj+1), (8.5)

where

Yj(ω) = kj,1
(
kj,2 · Ei

(
−kj,2

ω

)
+ ω · e

−kj,2

ω

)
. (8.6)

For notational convenience, we introduce a shortcut pj(~ω) for the partial derivatives of the performance

function with respect to the switching speeds, defined as

pj(~ω) =
∂P(~ω)

∂ωj
. (8.7)

Design objective. The design goal is to compute the set of switching speeds {ωj , j = 1, . . . , Q} and

the multidimensional optimization problem can be stated as follows:

Definition 9 (Optimization problem).

maxP(ω1, . . . , ωQ)

ω1 > ω2 > . . . > ωQ

such that the system is schedulable.

8.1.1 Running example

To illustrate the outcome of each algorithm presented in the paper, we use a running example (using

a configuration from the EU INTERESTED project [39]) consisting of 4 periodic tasks with overall

utilization U = 0.825, and an AVR task with 6 modes. The periods and the computation times of the

periodic tasks are reported in Table 8.1, whereas the computation times of the 6 modes of the AVR task

are reported in Table 8.2. To better explore the input space, the computation times of the AVR task are

expressed as a function of a scaling factor s. In the following, two subcases are generated, using s = 6.0

and s = 8.0 (all times are expressed in microseconds).

Task1 Task2 Task3 Task4

C 1000 6500 10000 10000

T=D 5000 20000 50000 100000

Table 8.1: Parameters of the task set used in the example.

Λ1 Λ2 Λ3 Λ4 Λ5 Λ6

Cj s· 150 s· 278 s· 344 s· 425 s· 576 s· 966

kj 2 3 4 5 7 10

Table 8.2: Computation times of the AVR task in the example.

The running example has the only purpose of explaining the typical outcome of the proposed algo-

rithms and is only considered for the first set of performance functions (constant over the entire speed

range). The experiments in the experimental section (Section 8.5) has been conducted also for expo-

nential performance functions. In our running example, the coefficients kj of the performance functions

have been set as kj ∈ {2, 3, 4, 5, 7, 10}.
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8.2 Reducing the design space

By exploring the design space, it has been experimentally observed that the schedulability constraint

determines a non-convex region in the space of the switching speeds ωj . This result was not surprising

considering that the schedulability region for classical periodic tasks in the space of interarrival times is

known to be non-convex [40] and, to the best of our knowledge, there is no known convex upper or lower

bound of good quality for checking the schedulability of AVR tasks under fixed-priority scheduling.

Although an analytical description of the feasibility region cannot be derived in a closed form, we

provide a numerical method for computing (with an arbitrary accuracy) an upper-bound ωj(ub) of the

maximum speed at which each control implementation can be executed, thus limiting the design space.

The upper bound is such that no feasible solution for the optimization problem exists for speeds ωj >

wj(ub), with respect to the fixed accuracy.

ωmin ωmax
ω

ω1

Cj

C(ω)

C1

ωj
(ub)

ωj−1
(ub)

ωj+1
(ub)

Figure 1: Computing the switching speed upper bounds.
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Figure 8.3: Computing the switching speed upper bounds.

The proposed algorithm probes the schedulability region in the most favorable condition for each

possible control implementation j, that is when (i) no more complex control implementations are active

and (ii) the AVR task performs a direct mode change to the simplest control implementation with

WCET C1, for any ω > ωj . An example of such upper bound is shown in Figure 8.3, in which the

mode configuration for determining ωj(ub) is shown as a dashed line. Under this condition, the algorithm

computes the maximum speed ωj(ub) at which each control implementation Λj can be executed. The

(typically unfeasible) modes configuration for the AVR task, obtained by considering all the upper

bounds on the switching speeds, is shown as a thick line in Figure 8.3.

The approach is guaranteed to be correct because of the sustainability property of uniprocessor

fixed-priority scheduling [23], which states that schedulability never improves when computation times

are increased.

1: procedure ComputeUBs(~C)
2: w1

(ub) = ωmax;
3: for j = 2 to j = Q do
4: M ← {(C1, ωmax), (Cj , ωmin)};
5: ωj(ub) = MaxBinSearch(j,M);

6: end for
7: return {ωj(ub), j = 1, . . . , Q};
8: end procedure

Figure 8.4: Procedure for computing the upper-bounds for the switching speeds.
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The algorithm to compute the switching speed upper bounds is shown in Figure 8.4. A first step of

pre-processing (omitted in the figure for simplicity) can be used to determine whether there are modes

that can be safely avoided. This is done by finding (i) the implementation Λj with the largest Cj that

can safely be executed in ωmin and discarding those with higher index; and (ii) the implementation Λj
′

with the largest Cj
′

that is feasible in ωmax and discarding those with lower index.

For simplicity, in the following, we assume that the only control implementation feasible at ωmax is

the first one (j = 1) and that the control implementation with the largest WCET CQ is feasible at ωmin

(that is, the number of modes are equal to the number of available implementations Q = M).

The first control implementation has maximum speed w1
(ub) = ωmax, since it is not possible to exceed

the allowed speed range (see line 2 in Figure 8.4). The maximum speeds are then determined for each

mode j > 1 by a simple binary search (line 5) on the schedulability condition, by seeking a speed ωj(ub)
such that mode Cj is executed in [ωmin, ωj(ub)] and mode C1 is active in (ωj(ub), ω

max].

8.2.1 Performance upper bound

The computation of the upper bound on the switching speeds also leads to an upper-bound P(ub) on the

maximum system performance, that is expressed by the following theorem.

Theorem 8. Any valid solution for the optimization problem expressed in Definition 9 has an overall

performance no greater than

P(ub) = P(w1
(ub), . . . , w

Q
(ub)). (8.8)

Proof. Let ~ω(opt) be the vector of the switching speeds that lead to the optimal solution of the optimiza-

tion problem and let P(opt) = P(w1
(opt), . . . , w

Q
(opt)) be the maximum performance. By Equation (8.1) we

get

P(opt) =

∫ ωQ
(opt)

ωmin

fQ(ω) dω +

∫ ωQ−1
(opt)

ωQ
(opt)

fQ−1(ω) dω + . . .+

∫ ω1
(opt)

ω2
(opt)

f1(ω) dω.

Since the condition ∀j, ωj ≤ wj(ub) holds for any valid solution, then the condition ∀j, ωj(opt) ≤ w
j
(ub) also

holds, which allows rewriting P(opt) as

P(opt) =

∫ ωQ
(opt)

ωmin

fQ(ω) dω +

∫ ωQ
(ub)

ωQ
(opt)

fQ−1(ω) dω +

∫ ωQ−1
(opt)

ωQ
(ub)

fQ−1(ω) dω +

∫ ωQ−1
(ub)

ωQ−1
(opt)

fQ−2(ω) dω + . . .

By recalling the assumption on the monotonicity of the performance functions with the mode index —

i.e., ∀ω, fj(ω) > fj−1(ω) — we get

P(opt) <

∫ ωQ
(opt)

ωmin

fQ(ω) dω +

∫ ωQ
(ub)

ωQ
(opt)

fQ(ω) dω +

∫ ωQ−1
(opt)

ωQ
(ub)

fQ−1(ω) dω +

∫ ωQ−1
(ub)

ωQ−1
(opt)

fQ−1(ω) dω + . . .

Now, by composing every pair of contiguous integrals as

∫ ωj
(opt)

ωj+1
(ub)

fj(ω) dω +

∫ ωj
(ub)

ωj
(opt)

fj(ω) dω =

∫ ωj
(ub)

ωj+1
(ub)

fj(ω) dω,

for all modes j = 1, . . . , Q (with ωQ+1
(ub) = ωmin) it is possible to conclude that P(opt) < P(ub). Hence the

theorem follows.

Such an upper bound is fundamental to evaluate the “quality” of the algorithms proposed in this

paper, as it allows expressing a bound on the distance to the optimal solution. In other words, the
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distance of any solution to the upper bound P(ub) provides a confidence interval which includes the

actual (generally unknown) optimal solution.

8.2.2 Running example

The algorithm shown in Figure 8.4 has been applied to the running example presented in Section 8.1.1

and the resulting switching speed upper bounds are shown in Table 8.3.

s ω1
(ub) ω2

(ub) ω3
(ub) ω4

(ub) ω5
(ub) ω6

(ub) P(ub)

s=6 6500 6043 4848 3676 2996 1637 3504.84

s=8 6500 4285 3629 2996 1871 1214 2753.8

Table 8.3: Upper bounds on the transition speeds for the considered example.

8.3 Heuristic Approaches

The non-convexity of the problem together with the lack of an analytical (closed-form) characterization

of the schedulability constraint prevents the application of standard methods for computing the optimal

solution.

A number of possible heuristic approaches can be devised to solve the problem. However, some of

them are not immediately applicable, as explained below.

8.3.1 Gradient-based search

A first possible approach is to search the space of the switching speeds ωj starting from a known feasible

point and then increasing all the candidate transition speeds according to the gradient of the performance

function ∇P. This is done by selecting a step δ and increasing each speed ωj by δ × pj(~ω) until the

boundary of the feasibility region is encountered. From that point on, the algorithm may proceed along

the schedulability boundary with a local search. A local search consists in trying to improve as much as

possible (using a binary search on the schedulability condition) all the transition speeds one by one, in

order of their performance gradient pj(~ω).

This intuitive (and quite standard) approach does not work in many cases. This is because in most

cases, the gradient of the performance function has higher components for lower transition speeds and

the problem definition requires that ω1 < ω2 < . . . < ωM . By projecting the desired direction onto this

constraint, all the ωj are increased by the same amount until we obtain the solution that computes the

highest possible switching speed ω1 for the first mode. This is often suboptimal. An example for a search

space with only two switching speeds is reported in Figure 8.5, where the trajectory generated by such

an heuristic is illustrated as a solid grey line that reaches the suboptimal solution ~ωso. The gray curve

lines in the figure join the set of points with the same performance value, while the black segmented line

illustrates the (non-convex) feasibility boundary.

Indeed, this policy is similar to two other heuristics: a top-down or bottom-up greedy search. A

bottom-up search (the top-down is similar) consists of finding the largest possible value of ω1 that is

feasible. Once ω1 is determined, the algorithm tries to increase ω2 to the largest possible amount that

still results in a feasible system configuration and so on. Unfortunately, these methods are too greedy

and often result in solutions in which most modes are simply not usable at all, and compute solutions

that are far from optimality.

For example in our running example, a top-down algorithm would produce ω2 = w2
(ub) and prevents

the execution of the other control implementations Λj , with j > 2.
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∇P

ω1

ω2

ω1
(ub)

ω2
(ub)

~ωopt

~ωso

Figure 1: Illustration for the modified gradient-based search in a bi-dimensional design space. The
straight grey line illustrates the trajectory of a standard gradient-based search while the dashed black
line illustrates the corrected trajectory. The segmented black line depicts the (non-convex) feasibility
region.
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Figure 8.5: Illustration for the modified gradient-based search in a bi-dimensional design space. The
straight grey line illustrates the trajectory of a standard gradient-based search while the dashed black
line illustrates the corrected trajectory. The segmented black line depicts the (non-convex) feasibility
region.

To improve results, the gradient-based heuristic can be corrected by a penalty factor associated to

the gradient term for a given ωj when the algorithm approaches its upper bound ωj(ub). An effective

penalty function is:

zj(ω) = 1− e

(
ω
j
(ub)
−ω

ω
j
(ub)

)2

. (8.9)

The trajectory component T j(~ω) for each switching speed wj is expressed by

T j(~ω) = zj(ωj) +
pj(ωj)

pmax
, (8.10)

where pmax = maxj p
j(~ω). Please note that the second term in T j(ω) corresponds to the original gradient

direction (defined in Equation (8.7)) with a normalization step of 1
pmax .

Each switching speed ωj is progressively increased with rate δ× T j(~ω) (for instance, δ = 5 RPM has

been used in our experiments), generating a sequence of speeds ~ω(0), ~ω(1), . . . , ~ω(k), . . ., in which each

component progresses as:

ωj(0) = ωmin

ωj(k + 1) = ωj(k) + δ × T j(~ω(k)), ∀j = 2, . . . , Q;

ω1(k) = ωmax ∀k.

We hold ω1(k) = ωmax for the reasons explained in Section 8.2. The effect of the corrected gradient

trajectory is shown in Figure 8.5 (dashed line).

From Equation (8.9), when approaching the upper-bound ωj(ub) for a mode j, the penalty term zj(ω)

is lowered (in an exponential manner) and reduces the increase rate for ωj . This correction attempts at

escaping from trivial local minima and improving the obtained solution.

Figure 8.6 illustrates the pseudo code for the corrected gradient-based heuristic. The algorithm

initializes the switching speeds at ωmin (except for the first mode). Then, a loop (line 7) updates the
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1: procedure GradientSearch(~C)
2: w1(k) = ωmax,∀k;
3: for j = 2 to j = Q do
4: ωj(0) = ωmin;
5: end for
6: k ← 0;
7: while Schedulable({(Cj , ωj(k)),∀j}) do
8: for j = 2 to j = Q do
9: ωj(k + 1)← ωj(k) + δT j(~ω(k));

10: end for
11: k ← k + 1;
12: end while
13: ~ω(end) ← LocalSearch(~ω(k − 1));
14: return ~ω(end);
15: end procedure

Figure 8.6: Pseudo-code for the proposed corrected gradient-based search.

switching speeds according to the gradient trajectory T j(~ω) until the boundary of the schedulability

constraint is reached. Finally, a local search is performed (see line 13) starting from the mode that

has the maximum gradient coefficient, until no further steps can be performed without violating the

schedulability constraint.

Running example

The application of the corrected gradient heuristic to our running example provides the results reported

in Table 8.4.

s ω1 ω2 ω3 ω4 ω5 ω6 P
6 6500 3817 3481 3146 2959 1598 3053.2 87.1% of P(ub)

8 6500 1460 1419 1366 1361 1168 1934.2 70.2% of P(ub)

Table 8.4: Results of the application of the corrected gradient heuristic to the running example.

Clearly, the results in the second case are poor, since the modes after the first are all collapsed into

a very small range and the final performance is far from the upper bound.

8.3.2 Utilization and Performance-Driven Backwards Search

An additional insight helps building a better heuristic: lowering a switching speed can give more freedom

to the feasibility range of the others.

In particular, analyzing the experimental results of a more exhaustive branch and bound search

(discussed in the next section), it became clear (as expected) that reducing the switching speed of the

mode with the largest steady-state utilization provides more freedom for the other speeds, that is, allows

to keep them closer to their upper bound.

At the same time, the reduction of any transition speed ωj causes a corresponding performance

reduction that should be traded off with the utilization gain that favors the system schedulability. Both

considerations are combined in the Utilization and Performance-Driven backwards search.

In this approach, the switching speeds are iteratively lowered, generating a sequence of vectors

~ω(0), ~ω(1), . . . , ~ω(k), . . ., starting from the upper bound ~ω(0) = ~ω(ub). At each iteration, each ωj is

lowered by a quantity δ ×Rj , that is

ωj(k + 1) = ωj(k)− δ ×Rj(~ω(k)), ∀j = 2, . . . , Q (8.11)
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until a feasible set of speeds is found.

The reduction step Rj(~ω) has been conceived for taking into account both the performance gradient

and the steady-state utilization of the j-th mode, thus obtaining

Rj(~ω) = max(Û j + P̂ j(~ω), Rmin), (8.12)

where Rmin represents a minimum step to ensure progression (for instance, we used Rmin = 0.2 RPM

in our experiments). The terms Û j and P̂ j(~ω) are normalized indexes that relate to the utilization and

performance gradient at the current switching speed ωj(k). The index Û j is defined as

Û j =
U j − Umin

Umax − Umin
, (8.13)

with

Umax = max
j
{U j} and Umin = min

j
{U j}. (8.14)

Similarly, P̂ j(~ω) is computed as

P̂ j(~ω) =
pmax − pj(~ω)

pmax − pmin
, (8.15)

where pmax = maxj p
j(~ω) and pmin = minj p

j(~ω).

Note that, to match the objective of this heuristic, the larger the steady-state utilization of a mode

the larger the corresponding index Û j . Analogously, the larger the performance gradient, the lower the

index P̂ j(~ω).

Figure 8.7 illustrates the pseudo code for the proposed backwards search. The algorithm lowers each

switching speed ωj until the system becomes schedulable (see line 7), then it proceeds with a local search,

as the gradient-based search of Section 8.3.1.

1: procedure BackwardsSearch(~C)
2: w1(k) = ωmax,∀k;
3: for j = 2 to j = Q do
4: ωj(0) = ωjub;
5: end for
6: k ← 0;
7: while NOT Schedulable({(Cj , ωj(k)),∀j}) do
8: for j = 2 to j = Q do
9: ωj(k + 1)← ωj(k)− δRj(~ω(k));

10: end for
11: k ← k + 1;
12: end while
13: ~ω(end) ← LocalSearch(~ω(k));
14: return ~ω(end);
15: end procedure

Figure 8.7: Pseudo-code for the proposed utilization and performance-driven backwards search.

Running example

The application of the backwards search heuristic to our running example provides the results reported

in Table 8.5.

The backwards search heuristic is very effective. The running example is not a special case, as shown

in our experimental results (Section 8.5). The computed values are always very close to the optimum.

Also, compared with the previous heuristic, a set of higher transition speeds for lower index modes is
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s ω1 ω2 ω3 ω4 ω5 ω6 P
6 6500 6039 4836 3672 2899 1630 3480.2 99.3% of P(ub)

8 6500 4282 3194 2887 1868 1050 2644.0 96.0% of P(ub)

Table 8.5: Results of the application of the backwards search heuristic to the running example.

traded for a lower transition speed for the last mode (which results in a better performance anyway).

8.4 Branch and Bound

In many cases, the optimum can be computed (within a given speed granularity) by performing an

exhaustive search starting from an initial feasible solution and attempting to extend each transition speed

towards its upper bound. The knowledge of performance upper and lower bounds allows introducing

effective pruning rules that stop the algorithm when a solution with sufficient quality is obtained.

8.4.1 Definition of the algorithm

The algorithm makes use of speed upper bounds to compute a performance upper bound Pub that is in

general not feasible. Also, one of the heuristics in the previous section (the backwards search is the best

option) allows computing a lower bound on the optimum performance Plb.
The algorithm requires the definition of a speed resolution δ (in our experiments δ = 15 RPM) and

a starting feasible solution with a configuration of transition speeds that has ωQ at the highest possible

value that allows for the execution of the other modes. The starting solution should also be maximal,

meaning that any possible increase of any transition speed would create a non-feasible solution. Given

any solution, a maximal solution can be simply found by a local search. Because of the monotonicity

property of our performance function (on Λi and Ci), a maximal solution is always going to have higher

performance than any solution for which the transition speeds are component-wise less than or equal.

The search algorithm is based on the observation that, given a maximal solution, any increase in a

transition speed ωj can be obtained by decreasing at least one of the transition speeds ωk with k > j.

The algorithm works iteratively, attempting to improve on an initial feasible solution ~ωs with ωQs equal

to the largest possible value that allows for the execution of the other modes (the algorithm to compute

the initial solution is explained later).

At each iteration with index j (j goes from Q to 3), the values in the set {ωQs , ωQ−1
s , . . . , ωj+1

s } are

left unchanged from ~ωs (the set is empty when j = Q): this is because the algorithm is similar to a

depth-first search in a tree, where the sub-tree corresponding to modes with index < j is explored.

The speed ωjs is then iteratively reduced by mj × δ, with mj ∈ N+, and for each value of mj the

algorithm tries all the possible extensions (as integer multiples of δ) of the speeds {ωj−1
s , . . . , ω2

s}, until

it reaches the feasibility boundary (i.e., a maximal solution within the δ resolution). As a result, the

algorithm performs a branch and bound search on the tree of speeds with index lower than j. Figure 8.8

shows an intermediate step of the algorithm with the corresponding search tree below the element with

index j. Since the index j is progressively lowered until 3, all the possible speed combinations (with

granularity δ) are tried. The index j (controlling the switching speed that is selectively reduced) ends

in 3 because it is always ω1 = ωmax and reducing ω2 (starting from the initial maximal solution) is

pointless because ω1 cannot be further increased.

Computing the initial solution ~ωs. The solution ~ωs is computed iteratively. First, the value of ωQs

is computed by searching back from ωQ(ub) (using a binary search) until the largest value that allows the

execution of all other modes with lower index j at transition speeds ωQs + ε× (Q− j) (with ε arbitrarily
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Figure 1: The optimization algorithm as a branch and bound search in the domain of the ω.
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Figure 8.8: The optimization algorithm as a branch and bound search in the domain of the ω.

small). When the algorithm moves to the next mode Q − 1, ωQ−1
s is similarly computed as the largest

speed that allows executing all other modes with index j < Q−1 with a transition in ωQ−1
s +ε×(Q−1−j)

and so on.

8.4.2 Pseudo code

Figure 8.9 illustrates the pseudo code for the proposed branch and bound algorithm. In addition to

the WCETs of the available control implementations, the algorithm takes as input a lower bound on

the overall performance P(lb), which can be obtained by executing one of the heuristics presented in the

previous section.

At any point in time, the search algorithm keeps track of the best performance solution P(cur) found

until then, which is initialized to the performance lower bound (line 2 in Figure 8.9). After initializing the

switching speeds at their upper bound (line 3), the algorithm calls the SEARCH recursive sub-procedure

to search for the optimal solution. The search starts from the switching speed of the Q-th mode and

explores the tree of possible values for the switching speeds of all the modes (within the given granularity

δ). The search tree has Q levels, one for each mode. Every instance of the SEARCH procedure, invoked

with index j, is in charge of exploring the sub-tree at levels < j by starting from the initial solution for

the j-th switching speed (which is computed as discussed above).

The procedure uses of a conditional statement to distinguish between (i) the recursive step and (ii)

the stop condition of the recursive algorithm.

The recursive step consists in opening a set of branches to explore the sub-tree, each corresponding

to a reduced value of the j-th switching speed. The switching speed ωj is progressively reduced by δ: the

reduction starts from the initial solution ωjs and ends when the switching speed of the (j + 1)-th mode

is reached (line 12).

Not all the branches are actually explored. The algorithm performs a pruning on the sub-tree when

the current best performance value cannot be improved by any solution available in the sub-tree (line 14).

The performance of all the solutions available in the current sub-tree are upper bound by the performance

of the set of speeds {ω1, ω2
(ub), . . . , ω

j−1
(ub), ω

j , ωj+1, . . . , ωQ} (similarly as stated by Theorem 8), which is

constructed by leveraging on the knowledge of the speed upper bounds.

The stop condition holds when the search reaches the second level, i.e., j = 2 (remember that ω1

is fixed and equal to the maximum engine speed). In this case, the procedure has traversed the entire

search tree, hence a particular solution exists. If such a solution improves the best performance that has
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been found so far (line 19), then it is stored as optimal (line 21).

1: procedure BranchAndBound(~C,P(lb))
2: P(cur) ← P(lb);
3: ~ω(opt) ← ~ω(ub);

4: Search(~C,Q);
5: return ~ω(opt);
6: end procedure
7:

8: procedure Search(~C, j)
9: ωjs ← InitialSolution(j);

10: if j > 2 then
11: ωj(lb) ← ωj+1 + ε;

12: for ωj = ωjs to ωj = ωj(lb) with step −δ do

13: P(max) ← P(ω1
(ub), . . . , ω

j−1
(ub), ω

j , . . . , ωQ);

14: if P(max) > P(cur) then

15: Search(~C, j − 1);
16: end if
17: end for
18: else
19: if P(ω1, . . . , ωQ) > P(cur) then
20: P(cur) ← P(ω1, . . . , ωQ);
21: ~ω(opt) ← ~ω;
22: end if
23: end if
24: return ~ω(opt);
25: end procedure

Figure 8.9: Pseudo-code for the branch and bound algorithm.

8.4.3 Discussion

The execution of the algorithm showed how the optimum performance often results in a configuration in

which the largest speed decrease is for the mode with highest local utilization. This was the motivation

for the deriving the utilization-driven backwards search heuristics presented in Section 8.3.2.

The branch and bound computes solutions of very good quality at the expense of time. A set of

experiments (see Section 8.5.3) has been performed to evaluate the execution times and how the branch

and bound results compare with respect to the results from the heuristics. However, it should be noted

that the runtime of the branch and bound search is heavily dependent on the performance lower bound

Plb that is provided to prune the solution tree at the beginning. This value is obtained by the backwards

search heuristic. Hence, even in those cases in which the problem can be solved to (almost) optimality

by the branch and bound search, a practically usable execution time can only be achieved thanks to the

availability of a very good (and fast) heuristic.

8.4.4 Running example

The availability of the branch and bound exhaustive search for the optimum (with finite granularity)

allows an evaluation of the quality of the heuristics. Table 8.6 shows a summary of the results for the

case with s = 8.

The table shows the typical result found in our experiments. Not only the backwards heuristic is

very close to the upper bound, but it is also extremely close to the value computed by the branch and
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Algorithm ω1 ω2 ω3 ω4 ω5 ω6 P
Gradient-based search 6500 1460 1419 1366 1361 1168 1934.2 70.2% of P(ub)

Backwards search 6500 4282 3194 2887 1868 1050 2644.0 96.0% of P(ub)

Branch and bound 6500 4274 3556 2778 1858 1044 2665.9 96.8% P(ub)

Upper bound 6500 4285 3629 2996 1871 1214 P(ub) = 2753.8

Table 8.6: Results for the running example with s = 8 applying all the algorithms presented in this
paper.

bound search. In reality, the branch and bound result is much closer to the result of the heuristic than

it is to the upper bound.

8.5 Experimental Results

This section reports a set of experimental results aimed at evaluating and comparing the approaches

presented in this paper. All the algorithms have been implemented in the C++ language and tested over

synthetic workload for measuring their effectiveness.

In the experiments, the speed limits of the engine have been set to ωmin = 500 RPM and ωmax = 6500

RPM, respectively (typical values for a production car). The acceleration range allows the engine to reach

the maximum speed starting from the minimum in 35 revolutions [8], resulting in α+ = −α− = 1.62 10−4

rev/msec2.

8.5.1 Workload generation

In the evaluation we consider a task set composed of N periodic tasks, with utilization UP , and an AVR

task τ∗ with Q = 6 possible control implementations.

The periods of the periodic tasks are {5, 10, 20, 50, 80, 100} ms, considered as typical values for en-

gine control applications [1]. The execution times of the periodic tasks are generated by the UUnifast

algorithm [13]. The WCETs of the possible control implementations for the AVR task are generated

by randomly choosing (with a uniform distribution and a minimum separation csep) a set of seed values

{c1, c2, . . . , cQ} from the range [cmin, cmax]. The actual WCETs are computed using a scale factor s as

Cj = s · cj . The scale factor is a parameter that allows tuning the computational requirements of the

AVR task implementations. When the switching speeds and consequently the interarrival times of the

AVR task are unknown, it is not possible to define the AVR load with a simple utilization metric.

8.5.2 Performance functions generation

The performance functions considered in this work are: (i) constant functions, as in Equation (8.2),

and (ii) exponential functions of the engine speed, as in Equation (8.4). In the first case, each control

implementation Λj is assigned a performance coefficient kj that is randomly generated with a uniform

distribution in the range [kmin, kmax], with a minimum separation of ksep. In the case of exponential

functions, the generation involves two parameters kj,1 and kj,2 for each control implementation Λj . The

performance is normalized with respect to ΛQ (i.e., the implementation with the largest WCET with

constant performance), which has kQ,1 = 1 and kQ,2 = 0. To provide for a uniform distribution of the

exponential performance functions (see Equation (8.3)), the coefficients kj,2 are generated with a uniform

distribution in a logarithmic scale with range [log k2,min, log k2,max]. Finally, we set kj,1 = 1, j = 1, . . . , Q

for simplicity.
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8.5.3 Constant performance functions

In this experiment we consider the constant performance functions and evaluated the performance of

the heuristics with respect to the upper-bound P(ub) obtained with the method described in Section 8.2.

We generate 500 task sets with N = 5 periodic tasks and an AVR task with a set of possible control

implementations. For each task set, we tested 30 different sets of performance coefficients and a variable

scale factor s from 1 to 10, trying 150000 different configurations in total.

For each value of s the performances of the heuristics and the upper-bound are computed. The, per-

formance values obtained by the heuristics are normalized with respect to the value of the upper-bound.

The normalized performance values with respect to the upper-bound are lower-bounds of the perfor-

mance values normalized with respect to the actual optimal performance. The normalized performance

values were then averaged among all the configurations for a given value of s.

The range and separation cmin = 100, cmax = 1000, csep = 100 are used for generating the compu-

tation time seeds and kmin = 1, kmax = 50 and ksep = 1 are used for the generation of the performance

coefficients.
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Figure 8.10: Performance of the two heuristics (Section 8.3) as a function of s for UP = 0.5. The results
are normalized to the performance upper-bound.

Figure 8.10 shows the results for the case of a periodic task utilization UP = 0.5. As shown by the

graph, the backwards heuristic provides an extremely good performance, always greater than 99% of

the upper-bound, and extremely close to the optimum. Conversely, the gradient-based heuristic shows a

degradation for increasing values of s reaching a value lower than the 90% of the upper-bound for s = 10.

In our experiments, the gradient-based heuristic always performs worse than the backwards search.

To save time in our experiments, we focused the remaining evaluation cases on the backwards search

heuristic.

Figure 8.11 reports the results for the same experiment when the utilization of the periodic tasks is

increased to UP = 0.75. The performance of the backwards search heuristic is slightly worse, reaching a

value of approximately 93% for s = 10.

However, as explained at the beginning of this section, the results normalized with respect to the

upper-bound are only lower-bounds of the actual performance, expressed by the ratio with respect to

the true optimum performance value (when computable). For this reason we performed another set of

experiments including the result of the Branch and Bound algorithm (with δ =15 RPM), to study the

performance of the backwards search heuristic with respect to the actual optimal performance (or a value

most likely close to it). Due to the large run-time of the branch and bound algorithm, this experiment has

been conducted on a small set of configurations with 50 task sets and 5 sets of performance coefficients.

The results are shown in Figure 8.12. As shown by the graph, the optimal performance tends to recede

from the upper-bound for increasing values of s, confirming the effectiveness of the backwards search

heuristic which remains around 99% of the performance value found by the branch and bound algorithm.
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Figure 8.11: Performance of the backwards heuris-
tic as a function of s for UP = 0.75. The results
are normalized to the performance upper-bound.
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Figure 8.12: Performance of the backwards heuris-
tic and the branch and bound algorithm as a func-
tion of s for UP = 0.75. The results are normalized
to the performance upper-bound.

Running times. The maximum observed running time for the Backwards heuristic is 756 seconds

with an average run-time of 5.6 seconds. For the Branch and Bound algorithm with precision δ =15

RPM we measured a maximum run-time of 16070 seconds with an average run-time of about 600 seconds.

Such results have been obtained executing the algorithms on a machine equipped with Intel i7 processor

running at 3.2 Ghz and 8Gb of RAM.

8.5.4 Exponential performance functions

Another experiment has been conducted with the exponential performance functions described in Sec-

tion 8.1. We focus on the comparison of the backwards search heuristic results against the performance

upper-bound P(ub).

Figure 8.13 shows the results as a function of the scale factor s for two different values of the coefficient

k2,max of the performance functions (keeping k2,min constant). The utilization of the periodic tasks is

UP = 0.75 and for each value of s we try 500 task sets and 30 sets of performance coefficients, hence

testing 150000 different configurations.

As shown by the graph, the backwards search heuristic has a performance always greater than 99%

of the upper-bound for k2,max = 50k2,min. In the case k2,max = 200k2,min there is a slight degradation

of the performance of the heuristic that reaches 96% of the upper-bound for s = 10.
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Figure 8.13: Performance of the backwards heuristic as a function of s for UP = 0.75. Exponential
performance functions under two different configurations are considered. The results are normalized to
the performance upper-bound.

The ratio between k2,max and k2,min determines the distribution of the exponential performance

functions in the speed domain. Intuitively, the higher k2,max/k2,min the more the performance functions

98



Chapter 8. Performance-driven Design of Switching Speeds

are far apart. For this reason we conduct another experiment by varying the ratio k2,max/k2,min while

holding the scale factor s = 7.

For each value of the ratio we test 500 task sets and 50 sets of performance coefficients k2,j , hence

500000 configurations. The results are shown in Figure 8.14 and confirm the trend of Figure 8.13, showing

a graceful and quite limited degradation for increasing values of the ratio k2,max/k2,min.
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Figure 8.14: Performance of the backwards heuristic as a function of k2,max

k2,min for UP = 0.75 and s = 7.
The results are normalized to the performance upper-bound.

8.6 Validation of the performance model

The performance model presented in Section 8.1 has been validated using a simulation framework, which

has been developed to model and execute the main components of the considered CPS: the engine, the

control logic, and the task implementation. In the context of this work, the simulation framework has

been used to compute the performance functions under different fuel injection strategies and verify our

fitting hypothesis to the family of exponential functions expressed in Equation (8.3). The framework

has also been used to explore the dependency of the performance with respect to different control

implementations.

8.6.1 Simulation framework

The system model has been created in the MATLAB Simulink R© environment by integrating three

major subsystems. The engine model and the model of the injection control logic have been developed

as traditional Simulink systems, with blocks encoding the differential equations of the engine dynamics

and the control algorithms (including the tables for determining the injection phase and duration).

The implementation of the controls as a set of concurrent tasks with variable-rate activation and an

adaptive behavior (and execution time) has been modeled using the T-Res framework [41], specifically

developed for studying the impact of task scheduling on control performance and purposely extended to

add the representation of AVR tasks.

8.6.2 Engine Modeling

Modeling a Diesel engine is a challenging problem due to the multiple complex physical parts to be

considered, obtaining a highly non-linear dynamic system with at least one dynamic feedback loop for

the turbocharger.

The engine model developed for this work is an abstraction of a modern 4-cylinder heavy-duty Diesel

engine, equipped with a common-rail injection system and a Variable Geometry Turbocharger (VGT).
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8.6. Validation of the performance model

The model includes a set of physical equations describing the engine dynamics, taken from the specialized

literature, some functions defining subsystem models based on experimental data, and static maps (e.g.,

for the turbocharger model).

The main sources used for the air path are the books by Guzzella [1], Panse [42], and Criens [43]). A

simplified model of combustion has been created following the description in [44] and [45] to simulate the

behavior of pressure, temperature, emissions of Nitrogen Oxide (NO2) and thermodynamic efficiency.

The equations that describe the turbocharger behaviour have been taken by the recent book by Nguyen-

Schäfer [46].

8.6.3 Engine Control

In agreement with the current industrial practice, the control of the engine is based on a mix of static

maps and additive control loops to correct possible deviations from the set points. This strategy is a

typical solution for commercial cars, where maps are calibrated on test benches, in optimal conditions,

and additional loops are added to face deviations from the optimal behavior due to transients, ageing,

and changes of external conditions.

Our engine control functions include the typical injection profile for Diesel engines, consisting of (i)

an optional number of pre-injections, (ii) a central main injection and (iii) one or two optional post-

injections. Pre-injections are used to heat the combustion chamber and ensure a more uniform fuel-air

mixture for the main injection, while post-injections are typically used to burn the residual and decrease

the amount of pollutants [43,47].

8.6.4 Control task model

The task set in the engine model considers a single AVR task computing all the functions related to the

fuel injection control. The focus of the modeling is to understand how the performance functions of the

system change as the system switches through the different modes implemented in the AVR task.

For the purpose of this work, the task execution modes are modeled according to three different

injection strategies: triple, double and single injection. Each strategy corresponds to a mode of the AVR

task (with decreasing WCET).

Figure 8.15 shows the set of Simulink subsystems representing the control tasks, the scheduler, and

the functions executed by the tasks. The custom blocks for the representation of the scheduler and the

tasks are described in detail in [41]. The block on the top-left corner of Figure 8.15 contains the model

of the fixed-priority scheduler. The blocks below it are the control tasks. Three of them are periodic,

the second from the top is the AVR task controlling the fuel injection. With respect to the periodic

task blocks, the AVR task has an additional input defining the execution mode (and its corresponding

WCET). The chains of blocks on the right side of Figure 8.15 are the subsystems executed by the tasks.

The second chain from the top is the sequence of the control subsystems executed by the AVR task.

The three AVR modes lead to different heat release profiles, thus directly influencing the combustion

dynamics. Typically, multiple injections decrease the efficiency of torque generation, but also decrease

the pollutant emissions, by lowering the in-cylinder peak temperature and improving the fuel combustion

with pre-heating and better air-fuel mixing [43,47].

8.6.5 Experimental Evaluation

The objectives of the simulation is to characterize the performance functions and model their dependency

on the engine speed. The performance functions available with the current model setting are (i) the

thermodynamic efficiency and (ii) the emissions of NO2. The simulation runs have been defined for a
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Figure 8.15: Injection strategies used in the simulation: from the top to the bottom, triple injection,
double injection and single injection

model input with low external torque (no gear subsystem is included) and a throttle input profile with

a sudden acceleration (maximum throttle) of a duration of approximately 2 seconds. The data obtained

from the simulation have been studied as a function of the engine speed (ranging from 500 to 5500 RPM).

For the three different injections strategies (one to three injections), the simulation results show that

the performance functions can be fitted well with the exponential behavior reported in Equation (8.3).

The fitting have been made using the Curve Fitting Tool of MATLAB, with the LAR Trust-Region

algorithm.

The experimental data for the thermodynamic efficiency are reported in Figure 8.16, where also the

fit to our exponential performance model is reported as a continuous line. As clear from the graph, the

fit is very accurate and resulted in a coefficient of determination (R squared) of 0.998 (1 means a perfect

fit) when Equation (8.3) is configured with k1 = 0.5042 and k2 = 579.2.

Because of the strong dependency on the temperature, the emissions of NO2 measured with the

simulated framework resulted quite noisy — with particular sensitivity at little variations for values

greater than 1700oK. However, as shown in the example illustrated in Figure 8.17, the behavior appeared

clearly correlated with an exponential shape. In fact, the fit to Equation (8.3) (illustrated as a continuous

line in the figure) resulted in a coefficient of determination equal to 0.94 when configured with k1 = 2619

and k2 = 1.625 · 104.

8.6.6 Comparing performance functions with different AVR modalities

With the same setting and approach described in the previous section, we also evaluated the dependency

of the performance functions on the mode of the AVR task, which in our case corresponds to a given

injection strategy. For each mode, the performance has been first measured as a function of the engine

speed and then fit to the proposed exponential model. Figure 8.18 reports the results of this experiment

for the NO2 emissions. As can be observed from the graph, the performance functions match our

monotonicity assumption with the complexity of the control implementation (a control for the triple

injection strategy requires more computation than the one with double injection, ad so on).
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8.6. Validation of the performance model

Figure 8.16: Experimental data for the thermodynamic efficiency as a function of the engine speed. The
continuous line illustrates a fit to the exponential performance model proposed in this work.

Figure 8.17: Experimental data for the emissions of NO2 as a function of the engine speed. The contin-
uous line illustrates a fit to the exponential performance model proposed in this work.
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Figure 8.18: Fit to the exponential performance model of the NO2 emissions for different injection
strategies.
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8.7 Summary of the chapter

The problem of performance-oriented design of transition speeds in a fuel injection system with adaptive

variable rate tasks has been discussed. A set of optimization algorithms has been presented, assuming

a quite general scenario in which the performance of each control implementation is expressed by an

arbitrary function that has the only requirement of being integrable and monotonically increasing with

the complexity of the implemented algorithm.

The experimental results show that the proposed heuristics are quite close to the actual optimal value

and allow the computation of the optimum with finite resolution in many cases.

A set of Simulink models, including the CPS model of the engine, the fuel injection system, the

control functions and their task implementation (with variable execution times) have been defined to

support the assumptions on which our algorithms are based (fitting the engine performance functions

with exponential curves) and study the dependency of the control performance with respect to a task

implementation.
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Chapter 9

Related Work

To the best of our records, a suitable model for tasks with activation rates and execution times depending

on the angular velocity of an engine has been proposed for the first time in 2012 by Kim, Lakshmanan,

and Rajkumar [48], who derived preliminary schedulability results under very simple assumptions. In

particular, their analysis applies to a single engine-triggered task with a period always smaller than the

periods of the other tasks, and running at the highest priority level. In addition, all relative deadlines

are assumed to be equal to periods and priorities are assigned based on the rate-monotonic algorithm.

A few months before the publication of [48], Negrean et al. [49] discussed the problem of analyzing

the mode-changes of engine-triggered tasks by means of standard mode-change analysis techniques. The

paper also addressed the case of multiprocessor systems under partitioned scheduling. However, no

analysis was detailed in their work.

In the same year, Darren Buttle gave a keynote speech [3] at ECRTS 2012 that exposed some timing-

related issues in automotive software. In his keynote, Buttle presented a common practice adopted in

automotive applications to adapt the functionality and the computational requirements of engine-control

tasks for different rotation speeds of the engine.

Following the Buttle’s keynote, the real-time community started getting interested to the analysis

of engine-triggered tasks, producing various solutions under different modeling approaches, assumptions

and scheduling policies.

Fixed-priority scheduling. Preliminary results concerning the analysis of engine-triggered tasks under

fixed-priority scheduling have been presented by Pollex et al. [50,51] in 2013. In [50], the authors presented

a sufficient schedulability analysis under the assumption of arbitrary, but fixed engine speed, thus ignoring

the potentially dangerous effect caused by mode-changes. Moreover, their analysis is formulated using

continuous intervals, hence it cannot be immediately translated into a practical schedulability test, whose

complexity has not been evaluated. Subsequently, in [51], the same authors proposed a simple analysis

based on a transformation of engine-triggered tasks to sporadic tasks, whose WCET and minimum

inter-arrival time have been derived by looking at particular analysis scenarios.

The first relevant milestone is due to Davis et al. [8,12], which in 2014 presented a sufficient ILP-based

analysis for task sets including both periodic and engine-triggered tasks, where the latter are activated

by the same rotation source. The physical constraints of the system have been considered for setting

up an ILP formulation that computes an upper-bound of the interference generated by engine-triggered

tasks. The ILP formulation applies to a given speed range, and hence requires a quantization of the speed

domain for being used in a schedulability test. Their work also includes various simplified techniques

to analyze engine-control applications, which have been compared in an extensive empirical study. The

results highlighted the benefits of adopting an analysis that is aware of the physical constraints, showing
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that their ILP-based analysis significantly outperforms all the other approaches. It is worth mentioning

that the model of engine-triggered tasks considered by Davis et al. is slightly different from the one

considered in this thesis. In fact, the authors assumed that the mode-change is triggered as a function of

the inter-arrival time between the last two jobs of the task. For this reason, they named engine-triggered

tasks as variable rate-dependent behavior (VRB) tasks.

Later, Biondi et al. [9] derived a method for computing the exact temporal interference produced by

an AVR task. In this work, the interference computation has been approached as a search problem in

the speed domain, where the concept of dominant speeds is used to drastically reduce the complexity

and avoid speed quantization. Such a method has then been extended to derive an exact response-time

analysis for engine-control applications under fixed-priority scheduling [18]. Chapter 3 of this thesis is

based on these two works.

Finally, Feld and Slomka [52] derived an analysis for VRB tasks that can have arbitrary angular

phases. However, their approach only works for homogeneous tasks sets with no periodic tasks.

Dynamic-priority scheduling. The schedulability analysis of a mixed set of AVR and implicit-deadline

periodic tasks has been addressed by Buttazzo, Bini, and Buttle [5] under earliest-deadline first schedul-

ing. Both steady-state and dynamic conditions (i.e., accelerations) have been considered for deriving

utilization bounds of AVR tasks. All the AVR tasks have been assumed to be triggered by independent

rotation sources. The authors also provided a design method that allows computing the set of switching

speeds that keep the utilization of an AVR task below a desired bound.

In 2015, Guo and Baruah [28] proposed sufficient analysis methods for systems of AVR and sporadic

tasks that are managed under EDF scheduling. Most relevant to us, the authors proposed a pragmatic

approach based on the transformation of AVR tasks to digraph real-time (DRT) tasks [10]. According

to this approach, each mode of an AVR task is mapped into a vertex of a DRT task. The vertexes are

then connected by edges that express minimum inter-arrival times between the modes. The resulting

model is similar to a sporadic task with mode-change: more details on the pessimism introduced by this

transformation are discussed in Section 10.2. Differently from [5], the approach in [28] allows dealing

with tasks that have constrained deadlines without resorting to density-based bounds. Speedup factors

of the proposed schedulability tests have also been presented. Interestingly, the authors showed that the

speedup bounds have a dependency on the acceleration bounds: this theoretical result is in line with the

observations made in Chapter 4.

Still in 2015, Biondi, Buttazzo and Simoncelli [53] presented an exact feasibility analysis for AVR tasks

under EDF scheduling, where the notion of dominant speeds has been used to compute the worst-case

workload generated by AVR tasks in a given time window. In the same year, Biondi and Buttazzo [54]

also proposed a sufficient EDF analysis of AVR tasks triggered by a common rotation source. This

analysis is based on utilization bounds. Chapter 4 and 5 of this thesis are based on the latter two works.

Other task models. Independently of the research line related to engine-triggered tasks, several

works addressed the analysis of task models that allow dealing with various non-trivial behaviors of

computational activities, thus extending the abstraction capabilities of well-known sporadic tasks. Such

models are generally based on recurring branching structures or graphs. Most relevant to this thesis are

multi-frame tasks [55], generalized multi-frame (GMF) tasks [56] and DRT tasks [10, 11, 16]. A recent

and thorough survey has been presented in [57] by Stigge and Yi. Among all the proposals to date, the

DRT task model revealed as an excellent trade-off between tractability and modeling capabilities. As

shown in Section 4.3.2, even if very complex instances of the model are required, DRT tasks are also able

to precisely represent AVR tasks. We believe that modeling real-time computational activities as DRT

tasks is a very promising and general approach to cope with the timing analysis of CPSs.
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Recently, Huang and Chen [58] addressed the analysis of two sporadic task models with mode changes

under fixed-priority scheduling. The first model considers the case in which the tasks have always the

same priority (independently of the mode in which they are executing), and is similar to one of the

approaches studied by Davis et al. in [8] to analyze VRB tasks. More interestingly, the second model

considers the case in which the tasks can have a different priority for each mode. This proposal may

be very interesting for improving the schedulability of engine-control applications without changing the

scheduling policy. Clever polynomial-time approximation schemes have been proposed for both the

models.

Other authors studied the analysis of real-time periodic/sporadic tasks in the presence of system-wide

mode changes [59–61]. The behavior of AVR tasks differ from the one studied in such works as the mode

change (i) occurs at a task level and may happen independently of the other tasks, (ii) has a direct

dependency on the rate of the tasks and (iii) depends on physical phenomena. In addition, without

leveraging some notion of dominant system states, such approaches are not suited for describing engine-

triggered tasks, as an infinite number of modes would be required to describe all possible situations.

Finally, a lot of efforts have been spent in designing and analyzing techniques for managing overload

conditions in real-time systems [62–66]. Some of such techniques deal with variable rates; however, as

discussed in [5], none of them is appropriate to analyze systems with AVR tasks.
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Chapter 10

On Some Common (but wrong)

Beliefs

This short chapter discusses two common beliefs related to the analysis of task sets that include AVR

tasks. Both of them are shown being incorrect.

10.1 Modeling AVR tasks as sporadic tasks

Some people use to consider the analysis of engine-triggered tasks a trivial problem that can be solved

by modeling such tasks as classical sporadic real-time tasks. That is, an AVR task τ∗i can be transformed

into a sporadic task τj such that

• the minimum inter-arrival time Tj of τj corresponds to the inter-arrival time of the AVR task at

the maximum engine speed ωmax, i.e., Tj = Θi/ω
max;

• the WCET Cj of τj is the maximum WCET among all modes of τ∗i , i.e., Cj = maxm=1,...,Mi{Ci(ωm)};
and

• task τj has implicit deadline Dj = Tj .

Trivially, this model transformation leads to a safe analysis. In fact, the worst-case computational

demand generated by τ∗i in any possible time interval is dominated by the one generated by τj . However,

this approach is in general extremely, ridiculously pessimistic and cannot be considered as a realistic

solution for the analysis of engine-triggered tasks.

As an example, consider a range of engine speeds with ωmin = 500 RPM and ωmax = 6000 RPM. In

this case, the inter-arrival time of an engine-triggered task τ∗i ranges from a maximum of Tmax = 120

milliseconds to a minimum of Tmin = 10 milliseconds.

First of all, suppose to dispose of an artificial (analytical) AVR task with an infinite number of modes,

such that the task has a steady-state utilization ui at any possible speed, i.e., with a continuous WCET

function Ci(ω) = ui · Θi

ω . We note that the task can then have a WCET ranging from a maximum

of Cmax = ui · Tmax milliseconds, when released with the maximum inter-arrival time Tmax, up to a

minimum of Cmin = ui · Tmin milliseconds, when released with the minimum inter-arrival time Tmin.

If the transformation to a sporadic task τj is applied, we obtain Cj = Cmax = ui · 120 milliseconds

and Tj = Dj = ui ·10 milliseconds. Now, by computing the utilization of τj we have uj = Cj/Tj = 12 ·ui,
which allows concluding that τj is infeasible for values of ui ≥ 0.083. That is, even if the engine-triggered

task will never exceed a steady-state utilization equal to the 10% of the total computational power of
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a processor, a dedicate, entire processor is not enough to guarantee the task via a transformation to

sporadic task!

Although being related to an unrealistic scenario (infinite number of modes), the above example is

representative of the pessimism that such a transformation can introduce in a realistic case. For instance,

consider another simple AVR task τ∗i with three modes each having switching speed at ω1 = 6000 RPM,

ω2 = 3000 RPM and ω3 = 1000 RPM, respectively. Similarly to the previous example, suppose that

each mode has the same steady-state utilization ui, hence the WCETs of each mode are C1 = ui · 10

ms, C2 = ui · 20 ms and C3 = ui · 60 ms, respectively. After a transformation to a sporadic task τj , we

obtain an utilization uj = 6ui.

Now, suppose ui = 0.1, hence uj = 0.6. Following the approach presented in Chapter 5, we note

that the AVR task can be guaranteed under EDF scheduling by considering an utilization factor of

U∗i = 0.1242 (assuming realistic acceleration bounds as adopted in Section 3.4). As a consequence, by

adopting an analysis specifically conceived for AVR tasks, it is possible to reserve almost the 90% of

the processor capacity to serve other real-time workload. Conversely, by adopting the transformation to

sporadic task, almost half of the processor capacity is wasted due to the pessimism introduced by the

transformation. More quantitative results concerning the pessimism of this approach are available in

Section 5.3 of this thesis or in the experimental results reported in [8].

10.2 Modeling AVR tasks as sporadic tasks with mode-change

Since AVR tasks involve mode changes, and a minimum inter-arrival time exists for each mode, some

people use to believe that an exact analysis can be achieved by treating them a classical sporadic tasks

with mode-change. That is, given an AVR task τ∗i with Mi modes {ω1
i , C

1
i }, . . . , {ω

Mi
i , CMi

i }, it is possible

to construct a matching sporadic task τj with Mi modes where each mode m = 1, . . . ,Mi of τj has (i)

WCET Cmj = Cmi , i.e., the same of the corresponding mode of the AVR task, and (ii) minimum inter-

arrival time Tmj = T (ωmi , α
+), that is the minimum inter-arrival time that the AVR task can experience

after releasing a job in mode m.

However, this model transformation does not allow to achieve an exact analysis neither shows good

schedulability performance in the general case. The main reason is that this transformation completely

ignores the physical constraints to which the mode-change phenomenon is subject, which then determines

the following three sources of pessimism:

1. Arbitrary sequences of modes may not be physically possible

The transformation to a sporadic task τj with mode change may lead to worst-case release patterns

that are not compatible with the physical constraints of the rotation source that triggers the AVR

task. For instance, the maximum interference generated by τj could correspond to a case in which

the task alternates a job in the first mode (say, corresponding to the speed range (5000, 6500]

RPM) to a job in the last mode (say, corresponding to the speed range [500, 1500] RPM). Clearly,

under realistic acceleration bounds, this scenario is not possible, as the engine cannot oscillate

between so distant speed ranges in time-frames that are compatible with the inter-arrival times of

the corresponding jobs.

2. Back-to-back mode-changes may not be physically possible

After the considered transformation, the range of speed of each mode m is collapsed into a single

parameter: the minimum inter-arrival time Tmj . In this way, for the purpose of the analysis,

the model is not able to distinguish between jobs released at different speeds but within the

same mode. Therefore, even if additional information is provided concerning the sequences of
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modes that are physically possible, the transformation can still introduce pessimism because it is

oblivious of the actual speed at which jobs are activated—a fundamental information to precisely

study mode-changes. For example, if a job of an AVR task is activated at the maximum speed of a

particular mode m, even if the engine imposes the maximum deceleration, it may not be possible

to immediately reach the range of speeds corresponding to mode m+ 1. Indeed, depending on the

acceleration bounds, several jobs may have to be released before being able to experience a mode

change.

3. Each mode cannot be periodically activated with minimum inter-arrival time

The minimum inter-arrival time of the AVR task τ∗i , for a given mode m, corresponds to the

case in which a job is released at switching speed ωmi and the engine accelerates with maximum

acceleration α+ immediately after the release of the job. Since this scenario considers acceleration

starting from a switching speed, it means that the next job will be certainly released in a different

mode (with the only exception occurring for ω1
i = ωmax). This phenomenon is not captured by the

transformation to sporadic task with mode change, which instead would consider periodic release

patterns with inter-arrival time T (ωmi , α
+) for each mode m = 1, . . . ,Mi. Such an issue can be

mitigated by using a constrained-deadline model with inter-arrival time θi/ω
m
i and relative deadline

T (ωmi , α
+) for each mode m.

In [8], Davis et al. investigated on the schedulability performance of this transformation against their

sufficient ILP-based analysis for engine-triggered tasks, which is aware of the physical constraints. The

experimental results, carried out for fixed-priority scheduling, show that the transformation to sporadic

tasks with mode-change generally leads to poor performance with respect to their ILP-based analysis,

especially at high processor utilizations (up to a gap of 60% in terms of schedulability ratio). Considered

the improvements provided by the analysis presented in Chapter 3 over the ILP-based analysis of [8],

we can conclude that the benefits of considering physical constraints are even much higher than those

observed in [8].
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Possible Extensions and Limitations

The work presented in this thesis can be extended towards several directions for future research.

The one that is much closer to this work concerns the analysis problems addressed in the first chapters,

starting from the limitations of the proposed solutions. The analysis methods presented in Chapter 3 and

Chapter 4 only work with task sets that include AVR tasks that have the same angular period and no

angular phases. Overcoming these limitations should not require extreme efforts, especially if a modicum

pessimism in the analysis can be accepted. With the intent of providing more general solutions, it would

be useful to develop analysis methods that can handle multiple rotation sources (possibly dependent

and independent), each triggering a set of AVR tasks with no limitations on their angular periods and

phases. Similarly, such methods should be extended to cope with arbitrary deadlines (both temporal and

angular). Another interesting extension is the analysis of hysteresis in the mode-change of AVR tasks,

which is the case where the switching speeds are not the same in acceleration and deceleration. The

inclusion of such an extended model in the design methodology presented in Chapter 8 represents another

possible future work. Furthermore, a valuable extension may concern the derivation of approximated

analysis methods for task sets with AVR tasks under FP scheduling and EDF scheduling with deadlines

different than periods. For instance, these methods can be useful for encoding the timing constraints in

optimization problems for partitioning engine control applications on multicore platforms.

To the best of our knowledge, support for synchronization is also missing to date. Interesting exten-

sions are the derivation of analysis methods for task sets with AVR tasks and shared resources protected

by the SRP [31] and possibly spin locks [67] to handle the case of multiprocessor systems. For these

works, extensions of the model are expected (e.g., note that two modes of AVR tasks may have different

critical sections) and novel ceiling assignment policies may be required for the SRP, especially under

EDF scheduling. Similarly, approaches to handle non-preemptive sections would be also desirable. Most

of the extensions mentioned above may also be applied to the analysis method presented in Chapter 5,

thus improving the proposed utilization bounds. Also the techniques proposed in Chapter 6 to handle

speed estimators can be extended, for instance by considering improved deadline-assignment policies

under EDF scheduling that are aware of the error introduced by the estimator.

Another direction for future research may concern the improvement of the scheduling of engine

control applications (with respect to temporal constraints only). As emerged from the results presented

in Chapter 4, EDF scheduling with a physics-driven deadline assignment can achieve practically-optimal

performance, thus determining that there is a little room for improving the scheduling on uniprocessor

systems. Contextually, it is also well-known that EDF scheduling originates less predictable behaviors

in overload conditions. Therefore, future work should concentrate on effective overload management

techniques for EDF or hybrid fixed/dynamic-priority scheduling policies with adaptive behaviors. The
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support for reservation-based scheduling may also represent another interesting extension, both to handle

overloads and to support component-based software design [33]. On the other hand, with the intent of

maintaining a fixed-priority scheduler as mandated by automotive standards (such as AUTOSAR), it

would be profitable to investigate on extended priority assignment schemes that consider a fixed priority

for each mode of AVR tasks. Dedicated analysis techniques and design methodologies to assign such

priorities will be also required. Furthermore, it is of extreme relevance to support the scheduling of engine-

control applications on multiprocessor systems, especially considering partitioned scheduling (mandated

by AUTOSAR) and possibly semi-partitioned scheduling.

Finally, among all other possible works that may follow this thesis, there is a research direction that is

probably the most interesting and practically-useful one. The real problem in the design of engine-control

software is not necessarily to meet all the deadlines, but rather maximizing the engine performance given

a set of physical and computational power constraints. Indeed, engine control is generally not hard real-

time: deadline misses can be tolerated by the control logic without catastrophic consequences and several

real-world deployments also incur in transient overload conditions. Therefore, a very challenging open

problem consists in understanding how scheduling decisions (in their general sense) affect the engine

performance in terms of power, fuel consumption, pollution and other indexes. Solving this problem

requires the integration of different crucial components, including a realistic engine model, very powerful

timing analysis methods, control algorithms, and possibly simulation environments.

In addition, in order to study the impact of time delays on the performance, details on the functional

behavior of the controls cannot be neglected. Depending on them, a deadline miss can result in skipping

an actuation, or performing an actuation with old data, or even with incomplete and approximate

information available. The impact of all these issues on the performance criteria of the engine is far

from obvious. Likely, most of the models that are available today, and their corresponding real-time

analysis methods, fail in accounting for all the phenomena and the parameters that affect the engine

performance. Moreover, it is also very likely that the performance metrics cannot be expressed as simple

functions of the timing parameters of the control software, as performance is generally not independent

from the system state and the past behavior. Similarly, the performance indexes that are most affected by

scheduling issues are—to date and to the best of our knowledge—unknown, if considering the information

available in the published literature.

Possible first steps towards this challenging research direction may include the derivation of novel

analysis methods that account for transient overload conditions and provide information on the number

of maximum consecutive deadline misses, e.g., by integrating the results derived in other works such

as the typical worst-case analysis proposed by Quinton et al. [68], which has been later extended by

Hammadeh et al. [69] to bound the number of deadline misses.
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Conclusions

This thesis addressed manifold problems related to the analysis and the design of real-time engine control

software. The first four chapters focused on timing analysis methods for engine-control applications. The

proposed methods have been conceived for explicitly taking into account the physical constraints of the

considered cyber-physical system. The adaptive variable-rate (AVR) task model has been proposed

to abstract the behavior of engine-triggered computational activities. The AVR task model has been

accompanied with physical models of a rotating crankshaft, which have been used for characterizing

the dependency of AVR tasks on the engine dynamics (angular position of the crankshaft, speed and

acceleration). Based on such models, exact analysis methods have been derived for both fixed-priority

(FP) and earliest-deadline first (EDF) scheduling, under a set of assumptions. These methods are based

on the notion of dominant speeds, which allows to drastically restrict the scenarios that have to be

considered for characterizing the worst-case timing behavior of AVR tasks. Simple schedulability tests

based on utilization bounds have also been proposed for EDF scheduling, which are able to execute in

linear time. Finally, a general method for accounting speed estimators in the analysis of engine-control

tasks has been presented. Two common speed estimation techniques have been studied and their impact

on system schedulability has been assessed.

The efforts spent in analyzing engine-control applications, together with several experimental studies

that have been conducted, allow stating the following take-away messages.

(i) A precise characterization of the worst-case timing behavior of AVR tasks can be achieved by

studying a limited set of scenarios. This allows implementing efficient schedulability tests and

response-time analysis methods that have running times compatible with the time-frame of de-

sign activities, thus resulting prone for being supported by development tools for engine-control

applications.

(ii) The consideration of physical constraints in the analysis of engine-triggered tasks provide a con-

sistent improvement in terms of accuracy with respect to the state-of-the-art approaches that are

unaware of such constraints.

(iii) Although a clairvoyant algorithm is needed for optimally schedule systems with AVR tasks, EDF

scheduling with a physics-driven deadline assignment can achieve practically-optimal performance.

Conversely, FP scheduling exhibits a significant degradation for utilization values that are much

lower than those observed in classical periodic scheduling. Therefore, future work aiming at im-

proving the scheduling of engine-control applications should concentrate on effective overload man-

agement techniques for EDF—as it is well-known that EDF scheduling originates less predictable

behaviors in overload conditions—or more articulated priority-assignment schemes, e.g., the adop-

tion of mode-dependent fixed priorities for AVR tasks.
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(iv) Simple and common speed estimation techniques do not significantly penalize the system schedu-

lability, while providing the benefit of being easy and lightweight to implement.

The analysis methods presented in this thesis can also serve as a foundation to develop techniques

for partitioning engine-control applications on multicore systems while matching timing constraints.

Furthermore, the theoretical results derived in the analysis of AVR tasks revealed interesting information

about the problem, which can be useful for future design methods and other analysis work. The same

results, or even the same analysis and modeling techniques presented in this thesis, can also be appropriate

to study different kinds of computational activities that are triggered in correspondence to physical events

in other cyber-physical systems (e.g., mobile robots, altimeters, autonomous driving applications, etc.).

Motivated by the observed theoretical advantages of EDF scheduling over FP scheduling, a real-time

operating system (RTOS) support for EDF scheduling of engine-control tasks has been designed and

implemented. The support has been conceived to have an API with minimal differences with respect to

the one mandated by the OSEK/AUTOSAR standard, thus limiting the effort for adopting the proposed

solution in existing engine-control applications. The implementation has been performed on top of the

ERIKA Enterprise RTOS. Different design solutions have been discussed and compared. Quantitative

measurements have been collected from a deployment on a reference platform.

The measurements allowed concluding that the runtime overhead introduced by EDF scheduling

is not a realistic bottleneck. In fact, the additional overhead introduced by our implementation with

respect to a minimal implementation of FP scheduling resulted in no more than 1.5 microseconds (on

a reference platform running at 168 MHz and for a number of tasks that is representative for engine-

control applications). In addition, it has been concluded that also memory footprint does not represent

a relevant issue, resulting in about +300 bytes over the same implementation of FP scheduling (for a

typical engine-control task set).

Finally, a simulation framework has been presented for studying the execution of tasks under the pro-

posed RTOS support. Such a framework has been realized by extending the Lauterbach TRACE32 R© suite

with an engine crankshaft simulator and other accessory modules. Thanks to the instruction set simu-

lator offered by TRACE32 and the extensions developed in this work, it is possible to collect execution

traces of real code as a function of predetermined (or random) physical behaviors of the crankshaft.

This thesis also presented a methodology for selecting the switching speeds of AVR tasks that max-

imize the system performance while guaranteeing the timing constraints of the corresponding engine-

control application. Three optimization algorithms have been presented: two heuristics and a branch-

and-bound method. The algorithms work on a quite general scenario in which a set of possible control

implementations is available and their performance is expressed by arbitrary functions that have the

only requirement of being integrable and monotonically increasing with the complexity of the imple-

mented algorithm. A specific performance model has also been proposed and validated with a Diesel

engine simulator implemented as MATLAB Simulink R© models. Experimental results showed that the

proposed heuristics are quite close to the actual optimal value and allow the computation of the op-

timum with finite resolution in many cases. This contribution is one of the first efforts that aims at

integrating performance metrics together with timing constraints to address the design optimization of

engine-control software. Further investigations on such performance-oriented methodologies represent

the most relevant direction for future research. One over all, since deadline misses can be tolerated by

the control logic without catastrophic consequences, future work should target the design optimization

of engine-control applications under relaxed temporal constraints that allow for transient overload con-

ditions, while contextually accounting for the impact of the timing properties of the control software on

the engine performance.
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